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 A B S T R A C T

We study the reduced order modeling of a piecewise-linear, globally nonlinear flexible oscillator in which a 
Bernoulli–Euler beam is subjected to a position-triggered kick force and a piecewise restoring force at its tip. 
The nonsmooth boundary conditions, which determine different regions of a hybrid phase space, can generally 
be expected to excite many degrees of freedom. With kick strength as parameter, the system’s bifurcation 
diagram is found to exhibit a range of periodic and chaotic behaviors. Proper orthogonal decomposition (POD) 
is used to obtain a single set of global basis functions spanning all of the hybrid regions. The reduced order 
model (ROM) dimension is chosen using previously developed energy closure analysis, ensuring approximate 
energy balance on the reduced subspace. This yields accurate ROMs with 8 degrees of freedom. Remarkably, 
we find that ROMs formulated using data from individual periodic steady states can nevertheless be used to 
reconstruct the entire bifurcation structure of the original system without updating. This demonstrates that, 
despite being constructed with steady state data, the ROMs model sufficiently small transients with enough 
accuracy to permit using simple continuation for the bifurcation diagram. We also find ROM subspaces obtained 
for different values of the bifurcation parameter are essentially identical. Thus, POD augmented with energy 
closure analysis is found to reliably yield effective dimension estimates and ROMs for this nonlinear, nonsmooth 
system that are robust across stability transitions, including even period doubling cascades to chaos, thereby 
greatly reducing data requirements and computational costs.
1. Introduction

Reduced order models (ROMs) approximate the dominant behav-
ior of high-dimensional dynamical systems while preserving their key 
characteristics. This work investigates the projection-based model or-
der reduction of an infinite-dimensional hybrid dynamical system: 
a piecewise linear, globally nonlinear flexible mechanical oscillator. 
Computational analysis of such systems is often resource-intensive, 
as numerical techniques such as the finite element method generally 
require a substantial number of degrees of freedom (DOFs) to attain 
high-fidelity solutions. Consequently, accurate ROMs are crucial for 
efficient analysis. Here, we employ proper orthogonal decomposition 
(POD) in conjunction with a previously developed energy closure anal-
ysis for estimating the degree of reduction, yielding reduced order 
models that exhibit high accuracy. Furthermore, we show that a ROM 
estimated with data from only a single periodic steady state is capable 
of reconstructing the entire bifurcation structure of the original oscil-
lator. Thus, only a single ROM need be estimated to model the entire 
range of system behaviors as parameters are varied, including stability 
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transitions. This results in a great savings in data requirements and 
computational costs needed to create ROMs.

Projection-based reduced order modeling [1] is a prominent ap-
proach in which the solution to high-dimensional systems is approx-
imated through a least-squares optimal projection of the governing 
equations onto a low-dimensional linear subspace that captures the 
essential dynamics of the system [2]. Proper orthogonal decomposition 
(POD) [2–13], also known as the Karhunen–Loève decomposition [14–
20], is widely regarded as the standard method for identifying such sub-
spaces. However, accurately estimating the dimension of these reduced 
models, a critical factor influencing their accuracy, remains a signifi-
cant challenge. Conventionally, the dimension of a POD-based ROM is 
determined by selecting a subspace that captures a specified percentage 
of the variance in the data obtained from the high-dimensional sys-
tem [2,3]. In prior work [21,22], we highlighted the limitations of this 
variance-based dimension estimation by studying a linear structural 
system subjected to impulsive loading. To address these limitations, 
we proposed a physics-informed criterion as an enhancement to the 
conventional POD framework, wherein the model dimension is selected 
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based on balancing the energy input and dissipated within the reduced 
subspace, rather than relying solely on data variance.

This work extends the application of this energy closure approach 
to nonlinear systems, focusing on the model order reduction of a 
hybrid (piecewise smooth) dynamical system that is infinite dimen-
sional from first principles. We further examine the robustness of 
ROMs so generated with respect to parameter variations, including 
across stability transitions. Such hybrid systems are characterized by 
both time- and event-driven dynamics [23,24], with discrete events 
prompting transitions between different regions of the system’s state-
space with different dynamical characteristics. The discrete events may 
involve abrupt changes in boundary conditions, actuator switching, 
or state-dependent forces, often resulting in nonsmooth dynamics that 
present significant challenges for both modeling and computational 
analysis [25].

Nonsmooth dynamics are common in mechanical systems, which 
frequently contain clearances, impacts, piecewise actuation, or sliding 
friction [26]. Of current interest are applications exploiting bistable and 
impacting elements for vibration energy harvesting [27] and nonlinear 
energy absorption [28,29]. Systems with impacts appear in both macro- 
and microscale applications, including robot locomotion [30,31]. The 
kicked flexible oscillator studied here provides a specific infinite dimen-
sional example of such systems. Thus, the reduction methodology we 
employ can be expected to apply to a broad class of mechanical systems 
characterized by nonlinearity, discontinuity, and hybrid dynamics.

The model of the kicked oscillator considered here is similar to one 
studied experimentally [32,33]. In the experimental setup, a vertical 
cantilever beam with a permanent magnet at its tip interacts with 
an electromagnet positioned below it. This interaction generates an 
impulsive force near the vertical equilibrium position whenever the 
tip passes with sufficient velocity. Furthermore, the restoring force 
between the permanent magnet and the kicker magnet core diminishes 
rapidly as the beam tip moves away from the electromagnet.

Our model consists of a Bernoulli–Euler beam with an end mass. 
In place of a magnetic interaction, we impose a localized, piecewise-
constant tip force. The model is autonomous and exhibits various 
steady-state behaviors, including bifurcations leading to chaos, de-
pending on the kick strength. Numerous degrees of freedom (DOFs) 
are excited during transitions that demarcate regions in the system’s 
hybrid state space, making the system’s effective dimensionality event-
dependent and challenging to estimate a priori for ROM construction.

Extensive research has been conducted on piecewise oscillators 
subjected to periodic external forcing and/or impacts (e.g., [34–48]), 
contributing to a well-established theoretical understanding of their dy-
namics and bifurcations [26,49–51]. The application of proper orthog-
onal decomposition (POD) has been previously used for the reduced-
order modeling of vibro-impact and piecewise-linear oscillators [52–
55]. Saito and Epureanu [56] proposed a ROM based on bilinear modes 
for elastic structures with localized piecewise-linearity, which yielded 
modes closely aligned with dominant POD modes. However, compared 
to its application to smooth systems, the application of POD to hybrid 
systems remains relatively underexplored.

The robustness of ROMs with respect to parametric variations, par-
ticularly for systems undergoing stability transitions, remains an open 
question [57–59]. For systems undergoing bifurcations, it is not clear 
if a single ROM, once obtained, can be expected to capture the entire 
bifurcation structure of the original system or if, instead, different 
ROMs might be needed for different dynamical regimes. This question 
is especially acute for infinite-dimensional hybrid systems, such as the 
one studied here.

Nonlinear manifold-based methods have been used for dimension 
reduction of nonlinear dynamical systems [34,60–64], including hybrid 
systems [65]. In contrast to POD, which merely identifies a linear 
subspace containing the dynamics, these approaches construct the sys-
tem dynamics on nonlinear manifolds embedded within the original 
high-dimensional space. For a given level of accuracy, these nonlinear 
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methods have the potential to generate reduced-order models (ROMs) 
with greater dimension reduction than that obtainable with linear sub-
space methods. To achieve this, such methods often involve nonlinear 
normal form transformations, invariant manifold computations and, 
in some cases, require system-specific insights to identify meaning-
ful reduced coordinates. More recently, data-driven approaches [66,
67], including deep-learning methods [68,69] have been developed to 
determine low-dimensional manifolds directly from data.

While perhaps not capable of the maximum theoretical reduction 
possible with these nonlinear methods, POD with energy closure [21,
22] is conceptually familiar and computationally simpler. It combines 
the construction of empirical bases using well-understood covariance 
statistics with a physics-informed subspace selection criterion, while 
not requiring detailed knowledge of the governing system’s nonlinear 
phase space structure. The incorporation of energy closure crucially 
links the model’s fidelity to the system’s underlying physics—an ele-
ment absent in purely statistical methods—and, as demonstrated here, 
enables the construction of highly accurate reduced-order models.

The remainder of the paper is structured as follows: we first develop 
a model for a flexible kicked-oscillator, followed by a discussion of its 
steady-state dynamics and bifurcation structure. We then carry out the 
model reduction procedure using POD with energy closure dimension 
estimation. We conclude by simulating the reduced order model and 
comparing its behavior to the original system.

2. Model formulation and piecewise solution

The main structure of the oscillator consists of a Bernoulli–Euler 
beam with an attached end mass, as depicted in Fig.  1(a). A position-
triggered piecewise constant force is applied at the tip during oscilla-
tions when the horizontal position of the tip mass is within ±𝑑∕2 of 
the origin (the vertical equilibrium position), provided the tip velocity 
surpasses a specified critical threshold value, 𝑣𝑐𝑟. Here, 𝑑∕2 represents 
a zone of influence, within which an additional restoring force acts on 
the tip mass: as the tip moves beyond ±𝑑∕2, the restoring force decays 
rapidly to zero. We model this transition with boundary conditions that 
are piecewise and, therefore, nonsmooth. More details follow.

The dimensionless governing equation for the Bernoulli–Euler beam 
is given by 
𝑤′′′′(𝑥, 𝑡) + 𝑤̈(𝑥, 𝑡) + 𝑐𝑚𝑤̇′′′′(𝑥, 𝑡) + 𝑐𝑣𝑤̇(𝑥, 𝑡) = 0, (1)

where: 𝑤(𝑥, 𝑡) (𝑥 ∈ [0, 1] ≜ 𝛺) denotes the horizontal deflection of 
the beam as measured from the vertical neutral axis; the primes and 
overdots indicate spatial and temporal derivatives, respectively; and 
𝑐𝑚 and 𝑐𝑣 denote the coefficients of material and viscous damping, 
respectively (see Appendix  A for rescaling). The boundary conditions 
for Eq.  (1) are modeled using the position-velocity phase plane of the 
beam’s tip at 𝑥 = 1, as illustrated in Fig.  1(b).

The model thus possesses eight distinct regions with different bound-
ary conditions at 𝑥 = 1, each of which we now describe. In regions 2 
and 6, there is no restoring force acting on the tip mass 𝑚. As a result, 
the beam at 𝑥 = 1 is only subjected to the inertial force arising from 
the tip mass. In regions 3 and 7, there is no kick force because the tip 
velocity fails to exceed the critical velocity needed to trigger it (that is, 
|𝑤̇(1, 𝑡)| < 𝑣𝑐𝑟); however, the restoring force acting on the tip mass is 
active. We model this force by a linear spring from the tip to ground 
(Fig.  1(a)). As a result, in regions 3 and 7, the boundary condition at 
𝑥 = 1 includes both the inertial and generalized restoring forces. The 
same is true for regions 1 and 5. In regions 4 and 8, the tip velocity 
magnitude |𝑤̇(1, 𝑡)| > 𝑣𝑐𝑟, so the system is subjected to a force boundary 
condition, such as might result from an electromagnet ‘‘kick’’ in the 
motivating physical example. We here model this kick as a constant 
force at the beam tip. We further impose the condition that if the beam’s 
tip trajectory enters region 8 (or 4) from region 7 (or 3), instead of via 
region 6 (or 2), the kick force is not activated, so that region 8 (or 4) 
has the same boundary condition as in region 7 (or 3).
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Fig. 1. Model of a vertical kicked beam flexible oscillator: (a) Bernoulli–Euler beam model with displacement 𝑤(𝑥, 𝑡). The beam tip has a point mass 𝑚 connected to ground by a 
piecewise spring of stiffness 𝑘, with 𝑑 representing the size of the region where the kick force and spring are active. These piecewise spring and applied forces give rise to hybrid 
boundary conditions (Eq. (2)). (b) Displacement-velocity phase plane for the beam tip, showing regions based on boundary conditions: regions 2 and 6 correspond to inertial forces 
from tip mass acceleration; regions 3 and 7 include inertial and restoring spring forces; regions 4 and 8 include inertial, spring, and kick forces. If an orbit enters region 8 (or 4) 
from region 7 (or 3) instead of region 6 (or 2), the kick force is not activated, extending region 7 (or 3). Models A, B, and C describe the dynamics in regions 2/6, 4/8, and the 
remaining regions, respectively (see Eq. (5)).
The above boundary conditions can then be summarized as follows 
(refer to Fig.  1(b)): 

𝑤(0, 𝑡) = 0 (2a)

𝑤′(0, 𝑡) = 0 (2b)

𝑤′′(1, 𝑡) + 𝑐𝑚𝑤̇′′(1, 𝑡) = 0 (2c)
𝑤′′′(1, 𝑡) + 𝑐𝑚𝑤̇′′′(1, 𝑡)

=

⎧

⎪

⎨

⎪

⎩

𝑚𝑤̈(1, 𝑡) in regions 2, 6
𝑘𝑤(1, 𝑡) + 𝑚𝑤̈(1, 𝑡) + 𝐹 sgn(𝑤̇(1, 𝑡)) in regions 4, 8
𝑘𝑤(1, 𝑡) + 𝑚𝑤̈(1, 𝑡) in regions 1, 3, 5, 7

(2d)

in which: 𝑚 denotes the end mass; 𝑘 denotes the stiffness of the spring 
modeling piecewise restoring force at the beam tip, and 𝐹  is the 
dimensionless kick force (see Appendix  A). Note that in regions 4 and 8 
(Eq. (2d)) the kick force 𝐹  acts in the same direction as the tip velocity.

These boundary conditions result in three linear models that we 
label as A, B, and C: together, these models describe the nonlinear 
dynamics of the oscillator in its hybrid phase space. Model A describes 
the behavior of the system in regions 2 and 6, when the tip is far from 
the equilibrium position, so there is no tip force (refer to Fig.  1(b) and 
the cases of Eq. (2d)). The other two models incorporate the effect of 
the localized, piecewise restoring force: model B describes the behavior 
in regions 4 and 8, in which both the kick force and restoring force are 
active; model C describes the dynamics of the beam in regions 1, 3, 5, 
7, in which only the restoring force is active.

2.1. Weak formulation of the governing equations

Eq.  (1), along with the boundary conditions of Eq.  (2), repre-
sents the strong from of the piecewise initial boundary value problem 
(IBVP) in the displacement 𝑤. We aim to determine the solution of the 
IBVP using the Ritz method [70] by first deriving the system’s weak 
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form [71]. This solution will thereafter be taken as representing the 
‘‘exact’’ dynamics of the system.

Let 𝑞(𝑥) be selected from a space of trial functions satisfying the 
essential boundary conditions and having square-integrable spatial 
derivatives up to second order. We then express the weak form of the 
IBVP as: 
( [

𝑤̈ +𝑤′′′′ + 𝑐𝑣𝑤̇ + 𝑐𝑚𝑤̇′′′′
]

, 𝑞
)

= 0 (3)

where (⋅, ⋅) denotes the standard inner product in 𝐿2. Integrating by 
parts and employing the boundary conditions we obtain

∫

1

0
𝑤̈(𝑥, 𝑡)𝑞(𝑥) 𝑑𝑥 + 𝑐𝑣 ∫

1

0
𝑤̇(𝑥, 𝑡)𝑞(𝑥) 𝑑𝑥 +

𝑐𝑚 ∫

1

0
𝑤̇′′(𝑥, 𝑡)𝑞′′(𝑥) 𝑑𝑥 + ∫

1

0
𝑤′′(𝑥, 𝑡)𝑞′′(𝑥) 𝑑𝑥 +  = 0 , (4)

where  is defined as (refer to Fig.  1(b) and Eq.  (2d)): 

 =
⎧

⎪

⎨

⎪

⎩

𝑚𝑤̈(1, 𝑡)𝑞(1) for Model A (5a)
( 𝑘𝑤(1, 𝑡) + 𝑚𝑤̈(1, 𝑡) + 𝐹 sgn(𝑤̇(1, 𝑡)) ) 𝑞(1) for Model B (5b)
( 𝑘𝑤(1, 𝑡) + 𝑚𝑤̈(1, 𝑡) ) 𝑞(1) for Model C . (5c)

To derive an approximate numerical solution to these weak IBVPs, 
one chooses a suitable basis for the space of trial functions, and writes 
𝑤(𝑥, 𝑡) as an expansion in terms of 𝑁 of the basis functions. Substituting 
this expansion into Eq.  (4) transforms our weak IBVP into a piecewise 
initial value problem (IVP) with a system of 𝑁 second-order ODEs valid 
in each region of the phase space. The solutions to this piecewise system 
provide the coordinates of each basis function needed to determine and 
approximation to 𝑤(𝑥, 𝑡). In principle, this can be done using either a 
localized basis, as with finite element analysis, or a global basis, as with 
modal analysis. Owing to the relatively simple structure of our system, 
we elected to use the latter, as described in the next section.
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2.2. Piecewise solution to the weak boundary value problem

To obtain the linear normal modes for each model, we first esti-
mate the associated natural frequencies. In all cases, the characteristic 
equation can be written in the general form: 
(A −B) exp(−2𝛽) + (A +B) + 2𝛽3 exp(−𝛽) = 0, (6)

where 
A = 𝛽3 cos(𝛽) + 𝑘 sin(𝛽) + 𝛽4(−𝑚) sin(𝛽), (7a)

B = 𝛽4𝑚 cos(𝛽) − 𝑘 cos(𝛽), (7b)

 and 𝛽 =√

𝜔, where 𝜔 is a natural frequency of the beam.
The characteristic equation Eq.  (6) is the same for models B and 

C because the constant force 𝐹  at the boundary in model B can 
be eliminated by first calculating the solution of its PDE about the 
static deflection curve resulting from 𝐹  (see Appendix  B). The natural 
frequencies in these cases are denoted by 𝜔𝑖 (𝑖 = 1, 2,… , 𝑁). For model 
A, Eqs. (6) and (7) are modified by setting 𝑘 = 0 and the natural 
frequencies are denoted by 𝛺𝑖.

Eq. (6) was used to numerically solve for the natural frequencies, 
which were then used to obtain the normal modes [72,73]. Denoting 
the 𝑖th mode for model A as 𝛾𝑖, and for models B and C as 𝜉𝑖, 𝑁-mode 
approximations for 𝑤(𝑥, 𝑡) have the form: 

𝑤(𝑥, 𝑡) =

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝑁
∑

𝑖=1
𝑟𝑖(𝑡)𝛾𝑖(𝑥) for model A (8a)

𝑁
∑

𝑖=1
𝑎𝑖(𝑡)𝜉𝑖(𝑥) for model B (8b)

𝑁
∑

𝑖=1
𝛼𝑖(𝑡)𝜉𝑖(𝑥) for model C. (8c)

 Starting with the eigenvalue problem in each case, standard manipu-
lations (the general form of which can be found in Appendix  C) lead to 
the following orthonormality conditions: 

∫

1

0
𝛾𝑖𝛾𝑗𝑑𝑥 + 𝑚𝛾𝑖(1)𝛾𝑗 (1) = 𝛿𝑖𝑗 , (9a)

∫

1

0
𝛾 ′′𝑗 𝛾

′′
𝑖 𝑑𝑥 = 𝛺

2
𝑖 𝛿𝑖𝑗 , (9b)

∫

1

0
𝜉𝑖𝜉𝑗𝑑𝑥 + 𝑚𝜉𝑖(1)𝜉𝑗 (1) = 𝛿𝑖𝑗 , (9c)

∫

1

0
𝜉′′𝑖 𝜉

′′
𝑗 𝑑𝑥 + 𝑘𝜉𝑖(1)𝜉𝑗 (1) = 𝜔

2
𝑖 𝛿𝑖𝑗 . (9d)

Using the computed normal modes in the expansions of Eq. (8), 
substituting into Eq.  (4), and integrating yields coupled ordinary dif-
ferential equations (ODEs) for each model. For example, with model C, 
Eq. (8c) yields
𝑁
∑

𝑖=1

{

𝛼𝑖 ∫

1

0
𝜉𝑖𝜉𝑗𝑑𝑥 + 𝛼𝑖 ∫

1

0
𝜉′′𝑖 𝜉

′′
𝑗 𝑑𝑥 + 𝑐𝑣𝛼̇𝑖 ∫

1

0
𝜉𝑖𝜉𝑗𝑑𝑥 + 𝑐𝑚𝛼̇𝑖 ∫

1

0
𝜉′′𝑖 𝜉

′′
𝑗 𝑑𝑥

+
(

𝑘𝛼𝑖𝜉𝑖(1) + 𝑚𝛼𝑖𝜉𝑖(1)
)

𝜉𝑗 (1)
}

= 0 (10)

Then, Eqs. (9c) and (9d) yield 𝑁 ODEs as:
𝑁
∑

𝑖=1

{

𝛿𝑖𝑗 (𝛼𝑖 + 𝜔2𝑖 𝛼𝑖) + 𝑐𝑣𝛼̇𝑖 ∫

1

0
𝜉𝑖𝜉𝑗𝑑𝑥 + 𝑐𝑚𝛼̇𝑖 ∫ 𝜉′′𝑖 𝜉

′′
𝑗 𝑑𝑥

}

= 0

⟹ 𝛼̈𝑗 +
(

𝑐𝑣 + 𝑐𝑚𝜔2𝑗
)

𝛼̇𝑗 +
𝑁
∑

𝑖=1
𝐷𝑖𝑗 𝛼̇𝑖 + 𝜔2𝑗𝛼𝑗 = 0 (𝑗 = 1, 2,… , 𝑁), (11)

in which the matrix with elements 𝐷𝑖𝑗 = −𝜉𝑖(1)𝜉𝑗 (1)(𝑚𝑐𝑣 + 𝑘𝑐𝑚) rep-
resents non-proportional damping arising from the 𝑥 = 1 boundary 
condition. Hence, the system is not diagonalizable: that is, all of its 
normal modes are coupled through the damping. The ODEs for Model 
4 
B have the same form as Eq.  (11) for displacements relative to the static 
deflection curve for constant 𝐹 , as described above. Similarly, using 
Eqs. (9a) and (9b) one obtains the ODEs for model A, which have the 
same form as Eq.  (11), but with 𝑘 = 0, normal modes 𝜉𝑖 replaced by 𝛾𝑖, 
and natural frequencies 𝜔𝑖 replaced by 𝛺𝑖.

At the beginning of a simulation, a specific model is chosen depend-
ing on where the initial position and velocity of the tip of the beam is 
located. This is used to obtain the dynamics of the beam until its tip hits 
a transition boundary, either at 𝑤(1, 𝑡) = 0 or |𝑤(1, 𝑡)| = 𝑑∕2 (Figs.  1(a) 
and 1(b)). The state at the transition is transferred to the new region’s 
model and subsequent dynamics is computed.

For example, consider that the initial configuration of the beam is 
such that the tip of the beam is in region 2 (Fig.  1(b)). In this case, 
model A is used to describe the dynamics of the beam. As the system 
state evolves in time, the trajectory eventually enters region 3 or 4 
in the phase plane, depending on the velocity of the tip. The time 
𝑡𝑅 at which the tip of the beam reaches the transition boundary is 
estimated from |𝑤(1, 𝑡𝑅)| = 𝑑∕2 using model A and the bisection root 
finding algorithm. Across the boundary, the full state of model A must 
be passed to the next model. Hence, assuming, for example, that the 
beam tip enters region 3, at the transition from model A to model B at 
𝑡 = 𝑡𝑅, the following must hold: 

𝑤(𝑥, 𝑡𝑅) =
𝑁
∑

𝑖=1
𝑟𝑖(𝑡𝑅)𝛾𝑖(𝑥) =

𝑁
∑

𝑗=1
𝑎𝑗 (0)𝜉𝑗 (𝑥)

𝑤̇(𝑥, 𝑡𝑅) =
𝑁
∑

𝑖=1
𝑟̇𝑖(𝑡𝑅)𝛾𝑖(𝑥) =

𝑁
∑

𝑗=1
𝑎̇𝑗 (0)𝜉𝑗 (𝑥).

(12)

Note that we can take 𝑡 = 0 in the post-transition model because the 
system is autonomous. This implies that 

𝑎𝑖(0) =
𝑁
∑

𝑗=1
G𝑖𝑗𝑟𝑗 (𝑡𝑅)

𝑎̇𝑖(0) =
𝑁
∑

𝑗=1
G𝑖𝑗 𝑟̇𝑗 (𝑡𝑅)

(13)

where G𝑖𝑗 = ∫ 10 𝛾𝑖(𝑥)𝜉𝑗 (𝑥) 𝑑𝑥 + 𝑚𝛾𝑖(1)𝜉𝑗 (1). These initial conditions for 
the new modal coordinates are then used to calculate the subsequent 
dynamics using model B. This same approach is adopted for dealing 
with other similar transitions for the duration of the simulation.

3. Dynamics of the kicked oscillator

After initial experimentation, it was found that the dynamics of the 
hybrid system could be simulated to high fidelity using the expansions 
of Eq. (8) with 𝑁 = 25 normal modes for all three models (Eqs. (4) and 
(5)). Thus, a total of 75 different basis functions were used across the 
system’s hybrid phase space. These simulations provided the data for 
the ‘‘exact’’ system.

MATLAB’s native solver, 𝚘𝚍𝚎𝟺𝟻, was used to integrate the result-
ing ordinary differential equations. After initial experimentation, we 
selected 𝑚 = 1, 𝑑 = 0.2, and 𝑣𝑐𝑟 = 0.05. We also set 𝑘 = 1000 (the 
ratio of the stiffness to ground at the tip vs. the internal stiffness of the 
beam), 𝑐𝑣 = 4.5 (the coefficient of viscous damping), and 𝑐𝑚 = 3 × 10−4
(the coefficient of material damping) for simulations. Keeping these 
parameters fixed for all simulations, we varied the kick strength 𝐹  and 
recorded various responses of the system. We collected discrete samples 
in space and time of the simulated response, 𝑤(𝑥, 𝑡), at 𝑁𝛺 = 100
uniformly spaced points along the beam, with a sampling frequency 
𝑓𝑠 = 1000 samples/unit time.

Different attracting steady-state solutions of the system are summa-
rized by the bifurcation diagram of Fig.  2, in which the kick strength 
𝐹  is the bifurcation parameter. The bifurcation diagram is constructed 
using a fixed Poincaré section [74], defined by 
𝛴 =

{

(𝑤(𝑥, 𝑡), 𝑤̇(𝑥, 𝑡)) ∣ 𝑤(1, 𝑡) = 𝑑∕2 ; 𝑤̇(1, 𝑡) < 0
}

. (14)
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Fig. 2. Bifurcation diagram of the kicked oscillator obtained from simulating the piecewise-linear system of Eqs. (4) and (5) for kick strength 𝐹 ∈ [12.45, 12.95]. ‘‘Exact’’ solutions 
were computed using Ritz approximations with 𝑁 = 25 linear normal modes in each hybrid region (Section 2.2). The diagram was constructed on the Poincaré section 𝛴 (Eq. (14)) 
using branch-following continuation. The other parameter values used in the simulations were: 𝑐𝑣 = 4.5, 𝑐𝑚 = 3 × 10−4, 𝑚 = 1, 𝑘 = 1000, 𝑑 = 0.2, 𝑣𝑐𝑟 = 0.05. Two solution branches 
are shown in the figure: the red branch was obtained by starting at 𝐹 = 12.95 and decreasing the kick force, whereas the black branch was obtained by starting at 𝐹 = 12.45 and
increasing its value.
For each value of 𝐹 , the tip velocity, 𝑤̇(1, 𝑡) of the steady state at 
each intersection with 𝛴 is plotted. Period-𝑛 solutions have 𝑛 distinct 
points for the associated value of 𝐹 , whereas chaotic solutions have 
a theoretically infinite number of points: for Fig.  2, we plotted a 
maximum of 16 distinct points for each 𝐹 . Only dynamic steady states 
are shown; not shown is the trivial solution (the static equilibrium with 
𝑤̇|𝛴,𝑥=1 = 0), which always exists and has a small basin of attraction 
determined by 𝑣𝑐𝑟 (Fig.  1(b)).

Starting with 𝐹 = 12.95, the entire bifurcation diagram was con-
structed using simple branch-following continuation [75] with 𝛥𝐹 =
5 × 10−5, resulting in a total of 104 values of 𝐹  on the bifurcation 
diagram. The solution branch thus obtained is shown in red in Fig.  2. 
The other solution branch shown using black was obtained by starting 
the same algorithm from 𝐹 = 12.45 and increasing 𝐹  until 𝐹 = 12.95
with the same 𝛥𝐹 .

In Fig.  2, we observe that for 𝐹 ≳ 12.88, all trajectories converge 
to the same period-1 limit cycle: both solution branches are merged in 
this regime. In Fig.  3(a), the limit cycle corresponding to 𝐹 ≈ 12.95 is 
plotted on the phase plane at the beam’s tip. We observe that the limit 
cycle is symmetric under reflections across both the 𝑤(1, 𝑡) and 𝑤̇(1, 𝑡)
axis. This is not surprising, since the governing equations possesses this 
symmetry, which is evident from the invariance of the PDE (Eq. (1)) 
and boundary conditions (Eq. (2)) under the transformation 𝑤 → −𝑤
and 𝑤̇ → −𝑤̇. The shape of the orbit is oval-shaped when |𝑤(1, 𝑡)| ≤
𝑑∕2 = 0.1, in the kicking region, and the trajectory has little or no 
‘‘wiggles’’ related to higher-frequency components of the oscillations, 
consistent with only a few modes being excited in this region. Imme-
diately outside this region, however, where the linear restoring force 
and kick force sharply drop to zero, more ‘‘wiggles’’ are observed in the 
‘‘wing’’ shaped segments of the orbit, as the tip crosses from region 4 (or 
8) to 5 (or 1). This suggests that the nonsmooth transition has excited a 
larger number of modes. Nondifferentiable ‘‘kinks’’ in the orbits occur 
in two ways: the more obvious case occurs when all forces at the tip 
suddenly drop to zero whenever |𝑤(1, 𝑡)| exceeds 𝑑∕2; the more subtle 
case occurs when the kick force suddenly turns off as 𝑤(1, 𝑡) crosses 
zero in either direction.

As the value of 𝐹  is decreased, the amplitude of the period-1 limit 
cycle decreases until 𝐹 ≈ 12.88, at which point we observe two period-1 
solution branches emerge and continue until 𝐹 ≈ 12.68. This does not
indicate period doubling but, rather, a symmetry-breaking bifurcation 
in which two, distinct asymmetric period-1 orbits are created. In Fig. 
3(b), we plot both of these orbits from both branches, corresponding 
to 𝐹 ≈ 12.75: unlike in Fig.  3(a), these individual solutions do not 
5 
possesses reflectional symmetry across the plane’s axes; however, taken 
together, they recover the full system symmetry.

Below 𝐹 ≈ 12.68, we observe period-doubling bifurcation sequences 
in both branches. In Fig.  3(c), we show a period-2 orbit appearing after 
the first period doubling in the lower (red) branch at 𝐹 ≈ 12.66. As 𝐹  is 
further decreased, the period doubling both branches leads to chaotic 
regimes. Eventually, for 12.545 ≲ 𝐹 ≲ 12.635, both solution branches 
merge and lead to a single chaotic regime with full symmetry, with 
brief windows containing multi-period solutions. In Figs.  3(d) and 3(e), 
we show a period-5 and a chaotic orbit on the phase plane of the 
beam tip, corresponding to 𝐹 ≈ 12.621 and 𝐹 ≈ 12.605, respectively. 
For 𝐹 ≲ 12.545, we again observe two different solution branches 
undergoing period halving bifurcations separately and merging into a 
single branch for 𝐹 ≲ 12.52. This branch abruptly ends at 𝐹 ≈ 12.41
as the system no longer converges to a dynamic steady state. Instead, 
the vertical static equilibrium position becomes globally attracting. This 
occurs because it is no longer possible for |𝑤̇(1, 𝑡)| to exceed 𝑣𝑐𝑟, so the 
kick is never activated.

4. Model reduction procedure

Proper orthogonal decomposition (POD) starts with the continuous 
displacement field 𝑤(𝑥, 𝑡) and finds the basis functions 𝜓(𝑥) such that 
the time-averaged projection error of 𝑤 onto 𝜓 is minimized [21,76]: 

min
𝜓𝑖∈𝐿2(𝛺)

⟨

‖

‖

‖

𝑤(𝑥, 𝑡) −
𝑃
∑

𝑖=1
(𝑤(𝑥, 𝑡), 𝜓𝑖)𝜓𝑖

‖

‖

‖

2⟩
, (15)

in which angle brackets ⟨⋅⟩ denote the time averaging operation, 𝛺 =
[0, 1], and the objective function is subjected to the normality constraint 
‖𝜓‖ = 1.

It can be shown [76] that the above minimization problem is 
equivalent to the following infinite-dimensional eigenvalue problem: 

∫𝛺
𝑟(𝑥, 𝑦)𝜓(𝑦) 𝑑𝑦 = 𝜆𝜓(𝑥), (16)

where the integral kernel 𝑟(𝑥, 𝑦) is the spatial correlation function for 
𝑥, 𝑦 ∈ 𝛺: 
𝑟(𝑥, 𝑦) = ⟨𝑤(𝑥, 𝑡)𝑤(𝑦, 𝑡) ⟩ . (17)

Solving the eigenvalue problem Eq.  (16) leads to an infinite set of 
eigenfunctions {𝜓𝑖}∞𝑖=1, in this case referred to as proper orthogonal 
modes (POMs), each with a corresponding eigenvalue 𝜆𝑖 that denotes 
the variance of 𝑤(𝑥, 𝑡) along 𝜓𝑖(𝑥). The POMs are sorted based on the 
magnitudes of the associated 𝜆  and the first 𝑃 < 𝑁 of these modes are 
𝑖
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Fig. 3. Different steady state solutions plotted on the phase plane of the beam tip for different kick strengths 𝐹 (see bifurcation diagram Fig.  2): (a) period-1 limit cycle for 
𝐹 ≈ 12.95; (b) two period-1 limit cycles from different solution branches (indicated by red and black in Fig.  2) for 𝐹 ≈ 12.75; (c) period-2 orbit for 𝐹 ≈ 12.66; (d) period-5 orbit for 
𝐹 ≈ 12.621; (e) chaotic orbit for 𝐹 ≈ 12.605. All orbits, except for those in (b), are symmetric when reflected across both the 𝑤(1, 𝑡) and 𝑤̇(1, 𝑡) axes, consistent with the invariance 
of the system (Eqs.  (1) and (2)) under 𝑤 → −𝑤 and 𝑤̇ → −𝑤̇. The two asymmetric limit cycles in (b), taken together, recover full symmetry of the system. Except for 𝐹 , the 
remaining parameters used to construct these plots are the same as used for Fig.  2.
chosen to form a 𝑃 -dimensional subspace, onto which the governing 
equation of the system is projected. The model reduction problem then 
becomes essentially that of identifying a ‘‘good’’ value of 𝑃 .

Conventionally, 𝑃  is selected such that the reduced subspace
spanned by {𝜓𝑖(𝑥)}𝑃𝑖=1 captures a significant fraction of the variance of 
𝑤. In practice, this is achieved by ensuring that the uncaptured variance

𝑒
𝑃
= 1 −

∑𝑃
𝑖=1 𝜆𝑖

∑𝑁
𝑖=1 𝜆𝑖

(18)

remains below a prescribed tolerance 𝜀; typically 𝜀 < 10−3 [7].
For the current problem, the displacement and velocity data ob-

tained from simulations of the hybrid system described by models A, 
B, and C (Eq.  (4) and (5)), were discretely sampled and collected in 
matrices 𝖶, 𝖶̇ ∈ R𝑁𝛺×𝑁𝑡  such that 
𝑊𝑖𝑗 = 𝑤(𝑥𝑖, 𝑡𝑗 ) (19a)

𝑊̇𝑖𝑗 = 𝑤̇(𝑥𝑖, 𝑡𝑗 ) , (19b)

where 𝑁𝛺 and 𝑁𝑡 denote the number of discrete measurements in the 
spatial and temporal domains, respectively. Thus, the correlation kernel 
6 
𝑟(𝑥, 𝑦) of Eq.  (17) becomes the matrix 

𝖱 = 1
𝑁𝑡

𝖶𝖶⊺ ∈ R𝑁𝛺×𝑁𝛺 , (20)

in which trapezoidal integration is used to approximate the time-
average [77]. Eigenvectors 𝝍 ∈ R𝑁𝛺×1 from the matrix eigenvalue 
problem 
𝖱𝝍 = 𝜆𝝍 (21)

are interpolated using Chebychev polynomials to yield functions 𝜓̂(𝑥)
continuous in 𝑥 that approximate the eigenfunctions 𝜓(𝑥) (that is, the 
POMs) in Eq.  (16). The displacement field is then approximated by a 
Ritz expansion using the POMs: 

𝑤(𝑥, 𝑡) ≈ 𝑤̂(𝑥, 𝑡) =
𝑃
∑

𝑗=1
𝑏𝑗 (𝑡)𝜓̂𝑗 (𝑥). (22)

The data used for the above calculations was collected as the 
system traversed all 8 regions in the phase space (Fig.  1(b)). We thus 
obtain one set of POMs for the entire hybrid phase space: these are 
used to construct a 𝑃 -dimensional piecewise linear ROM. Having a 
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global set of POMs obviates the need to separately ensure continuity 
for the displacement and velocity fields across transition boundaries 
using different basis functions, as was necessary during simulations via 
Eqs. (12) and (13).

Substituting the expansion Eq.  (22) in terms of the POMs into 
the weak form of the system’s governing equations, Eqs. (4) and (5), 
and performing a Galerkin projection on the residual, we obtain a 𝑃 -
dimensional system of second order ODEs for each of models A, B, and 
C (Section 2). For example, consider model C, for which the boundary 
conditions Eq. (5c) contain both inertial and restoring forces. These 
yield the following set of 𝑃  coupled ordinary differential equations 
(ODEs) in terms of the proper orthogonal coordinates 𝑏𝑗 (𝑡):
𝑃
∑

𝑖=1

{

𝑏̈𝑖(𝑡)∫

1

0
𝜓̂𝑖(𝑥)𝜓̂𝑗 (𝑥)𝑑𝑥 + 𝑏𝑖(𝑡)∫ 𝜓̂ ′′𝑖 (𝑥)𝜓̂

′′
𝑗 (𝑥)𝑑𝑥

+ 𝑐𝑣𝑏̇𝑖(𝑡)∫

1

0
𝜓̂𝑖(𝑥)𝜓̂𝑗 (𝑥)𝑑𝑥

+𝑐𝑚𝑏̇𝑖(𝑡)∫ 𝜓̂ ′′𝑖 (𝑥)𝜓̂
′′
𝑗 (𝑥)𝑑𝑥 +

(

𝑘𝑏𝑖(𝑡) + 𝑚𝑏̈𝑖(𝑡)
)

𝜓̂𝑖(1)𝜓̂𝑗 (1)
}

= 0

⟹

𝑃
∑

𝑖=1

{[

𝑀𝑖𝑗 + 𝑚𝐸𝑖𝑗
]

𝑏̈𝑖(𝑡) +
[

𝑀𝑖𝑗𝑐𝑣 + 𝑐𝑚𝐾𝑖𝑗
]

𝑏̇𝑖(𝑡) +
[

𝐾𝑖𝑗 + 𝑘𝐸𝑖𝑗
]

𝑏𝑖(𝑡)
}

= 0,

(23)

where 

𝑀𝑖𝑗 = ∫

1

0
𝜓̂𝑖(𝑥)𝜓̂𝑗 (𝑥)𝑑𝑥 and 𝐾𝑖𝑗 = ∫

1

0
𝜓̂ ′′𝑖 (𝑥)𝜓̂

′′
𝑗 (𝑥)𝑑𝑥 (24)

are the main elements of the mass and stiffness matrices, respectively, 
and 
𝐸𝑖𝑗 = 𝜓̂𝑖(1)𝜓̂𝑗 (1) (25)

are elements of a coupling matrix arising from the boundary condition 
at 𝑥 = 1: examination of Eq.  (23) indicates that this boundary coupling 
also contributes to the ROM’s overall mass and stiffness properties. 
Note that, like the original system, the ROM does not have proportional 
damping, so it also fails to be diagonalizable. Similar calculations yield 
systems of ODEs for models A and B.

To this point, our procedure has employed a relatively straight-
forward implementation of standard POD. However, instead of the 
conventional variance-based approach (Eq.  (18)) to select the reduced 
order model (ROM) dimension 𝑃 , we here adopt the energy closure 
criterion [21,22], in which 𝑃  is chosen to ensure that the subspace 
spanning {𝜓̂𝑖(𝑥)}𝑃𝑖=1 is closed with respect to energy flowing in and out 
of it, to within a specified numerical tolerance. This approach provides 
a physics-based explanation for why a given dimension is needed in a 
way that mere examination of the total variance cannot.

In this case, the dissipation energy (or work), 𝑊𝑑 , and input en-
ergy (or work), 𝑊𝑓 , for the full-order system over one period 𝑇  of a 
steady-state periodic response are given by 

𝑊𝑓 =∫

𝑇

0
𝑓kick𝑤̇(1, 𝑡) 𝑑𝑡 and (26a)

𝑊𝑑 = 𝑐𝑣∫

1

0 ∫

𝑇

0
𝑤̇2(𝑥, 𝑡) 𝑑𝑡 𝑑𝑥 + 𝑐𝑚∫

1

0 ∫

𝑇

0
𝑤̇′′2(𝑥, 𝑡) 𝑑𝑡 𝑑𝑥, (26b)

where 𝑓kick is the state-dependent kick force, as defined in Section 2 
and summarized in Fig.  1(b). At steady-state, 𝑊𝑑 and 𝑊𝑓  must be in 
balance: 
𝑊𝑑 = 𝑊𝑓 . (27)

To check whether this is the case on a subspace of dimension 𝑃 , 
we estimate them using the 𝑃 -dimensional projection of the original 
velocity data and its spatial derivatives in Eq. (26). We write these 
estimates as 𝑊𝑑 and 𝑊𝑓 , respectively. For an insufficiently large value 
of 𝑃 , 𝑊  and 𝑊  will not be in balance.
𝑑 𝑓

7 
Algorithm 1 Estimating ROM dimension with POD and energy closure 
criterion.

1: Input: 𝖶 ∈ R𝑁𝛺×𝑁𝑡 , 𝖶̇ ∈ R𝑁𝛺×𝑁𝑡

2: Output: 𝑃ROM
3: Set: tolerance = 𝜖tol (10−4 in our case).
4: Calculate 𝑃max = rank(𝖶)
5: Perform POD: {𝝍max,𝝈} = POD(𝖶), where 𝝍max ∈ R𝑁𝛺×𝑃max  and 
𝝈 ∈ R𝑃max×1

6: Using 𝖶 and 𝖶̇ calculate 𝑊 𝑃max
𝑓  and 𝑊 𝑃max

𝑑  Eq. (26). 
7: Initialize: 𝑃 = 𝑃 init, 𝑒𝑑 = 𝑒𝑓 = 100 𝜖tol, 𝝍 = 𝝍max[ ∶ , 1∶𝑃 ]

8: while 𝑒𝑑 or 𝑒𝑓 > 𝜖tol AND 𝑃 ≤ rank(𝖶) do
9:  Project full state data onto subspace spanned by 𝝍 Eq. (28)
10:  Calculate 𝑊𝑑 and 𝑊𝑓  Eq. (26).
11:  Calculate 𝑒𝑑 and 𝑒𝑓  Eq. (29).
12:  if 𝑒𝑑 or 𝑒𝑓 > 𝜖tol then
13:  increment: 𝑃 = 𝑃 + 1
14:  𝝍 ← [𝝍 , 𝝍max[ ∶ , 𝑃 ] ]

15:  else

16:  𝑃ROM = 𝑃

17:  STOP

18:  end if
19: end while

The projection of the discrete velocity field stored in the matrix 𝖶̇
(Eq. (19b)) is given by 

̃̇𝖶 = ψψ⊺𝖶̇ (28)

where ψ ∈ R𝑁𝛺×𝑃  is a matrix with columns consisting of eigenvectors 
found from Eq.  (21). To reduce discretization errors in the work esti-
mates 𝑊𝑑 and 𝑊𝑓 , which depend on the velocity and strain rate fields 
(Eq. (26)), we interpolated each column of ̃̇𝖶, representing the spatial 
component of the velocity data at every time sample, using Chebychev 
polynomials, as was done to interpolate the POMs. This ensured lower 
error in the estimates of the second order spatial derivative required 
for Eq.  (26b). The time integrations needed for both energy estimates 
Eq.  (26) were performed using the trapezoidal rule; the spatial inte-
grations were numerically evaluated using the Chebyshev polynomial 
representation [78].

Given 𝑊𝑑 and 𝑊𝑓 , we define the energy convergence errors [22], 

𝑒𝑓 =
|

|

|

|

|

|

1 −
𝑊𝑓

𝑊 𝑃max
𝑓

|

|

|

|

|

|

and 𝑒𝑑 =
|

|

|

|

|

|

1 −
𝑊𝑑

𝑊 𝑃max
𝑑

|

|

|

|

|

|

, (29)

of the input and dissipation energy, respectively: both 𝑒𝑑 and 𝑒𝑓  are 
functions of 𝑃 . In these expressions, the superscript 𝑃max indicates the 
energy value estimated at 𝑃 = 𝑃max, where 𝑃max is the numerically 
estimated rank of 𝖱 (Eq. (20)). POMs for 𝑃 > rank(𝖱) lie in the null 
space of 𝖱 and so do not capture the system’s dynamics [21]. Hence, 
𝑃max indicates the maximum ROM dimension that a given data set is 
capable of capturing. Once 𝑊𝑓  and 𝑊𝑑 are captured with sufficient 
accuracy, physics requires that they approximately balance each other. 
Thus, the value of the subspace dimension 𝑃  for which 𝑒  and 𝑒
𝑓 𝑑
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Fig. 4. Period-1, steady-state (a) displacement and (b) velocity time-series of the full order system, at the beam tip (𝑥 = 1). The beam is subjected to a kick strength 𝐹 ≈ 12.95. 
The fundamental period of the time-series is 𝑇 ≈ 3.25 units. The remaining parameter values are same as in Fig.  2.
Fig. 5. Energy closure analysis for the period-1 solution of Fig.  4: (a) The energy convergence errors 𝑒𝑑 and 𝑒𝑓  (Eq. (29)) vs. subspace dimension 𝑃 . Both curves decrease below 
the tolerance 𝜖tol = 10−4 at 𝑃 = 8. In contrast, the variance error 𝑒𝑃  (Eq. (18)), shown only for comparison, decays much faster than both 𝑒𝑑 and 𝑒𝑓  and drops below the tolerance 
at 𝑃 = 3. (b) The eight POMs that span the subspace, obtained by applying POD on the displacement data.
Fig. 6. Phase plane plots illustrating the accuracy of reduced order models (ROMs) of the kicked oscillator, obtained by applying proper orthogonal decomposition (POD) to 
displacement data from period-1 solution of Figs.  3(a) and 4, with ROM dimension 𝑃 selected with either energy closure criterion or using 99.99% of total variance. Energy 
closure gives 𝑃 = 8, while the variance-based criterion gives 𝑃 = 3. (a) Comparison of ROM responses to that of full order system (FOS) at 𝑥 = 0.5. (b) Same comparison at 𝑥 = 1. 
At both locations, the 3 DOF ROM gives a poor approximation to the response of the FOS (relative displacement and velocity field errors: 35.35% and 114.71%, respectively); 8 
DOF ROM response is much more accurate (relative displacement and velocity field errors: 0.002% and 0.2%, respectively).
drop below a given predefined tolerance 𝜖tol, is selected as the ROM 
dimension. This overall process is summarized in Algorithm 1.

5. Results

Out of the range of steady-state responses shown Fig.  2, we first 
selected the period-1 solution corresponding to 𝐹 ≈ 12.95 (see Fig.  3(a)) 
8 
to perform model reduction. Representative displacement and velocity 
time series are shown in Fig.  4. We selected the dimension of the ROM 
using the energy closure criterion: after initial experimentation, we 
selected 𝜖tol = 10−4; in Fig.  5(a), we plot 𝑒𝑑 and 𝑒𝑓  against 𝑃  and 
observe that both decrease in a monotonic fashion to this level. This 
indicates that 𝑊𝑑 and 𝑊𝑓  converge to their true values, 𝑊𝑑 and 𝑊𝑓 , 
respectively, which further suggests that the subspaces have come into 
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energy balance. For 𝑃 ≥ 8, both 𝑒𝑑 and 𝑒𝑓  fall below the tolerance, 
indicating approximate energy closure, so we formulated an 8 DOF 
ROM following the steps described in the previous section.

The corresponding 8 POMs (Fig.  5(b)) are global empirical shape 
functions that span all regions of the system’s hybrid phase space. 
However, they do not satisfy the force (natural) boundary conditions 
in any of the hybrid regions. Hence, our ROM basis consists of 8 
admissible functions, in contrast with the total of 75 normal modes used 
in the ‘‘exact’’ simulations (25 for each set of boundary conditions). 
The fact that the POMs visually approximate the normal modes for 
a clamped-free beam, despite the more complex piecewise boundary 
conditions, likely indicates that the beam tip spends relatively little 
time interacting with the kicking and restoring forces localized near 
the static equilibrium position.

The maximum possible ROM dimension obtainable with from the 
displacement data set, 𝑃max = 16, indicated by the upper limit of 
the horizontal axis in Fig.  5(a), was determined from the rank of the 
displacement covariance matrix Eq.  (20). This means that, to within 
numerical precision, the displacement time series sampled at 𝑁𝛺 =
100 points along the beam contained information from at most 16 
statistically independent DOF. This confirms that 𝑁 = 25 normal modes 
was sufficient for convergence of the high-fidelity simulations and, 
at the same time, shows that an 8 DOF model provides a significant 
dimension reduction.

For the sake of comparison, we also employed the conventional 
variance-based mode selection criterion. The monotonically decaying 
𝑒
𝑃
 curve (displayed in yellow) in Fig.  5(a) indicates that selecting only 

𝑃 = 3 modes is sufficient to capture more than 99.99% (𝑒
𝑃
< 10−4) of 

the total response variance. However, as seen in Fig.  5(a), when 𝑃 = 3, 
the energy convergence errors are at least two orders of magnitude 
greater than the tolerance level.

In Fig.  6, we use phase plane plots at the beam’s midpoint and tip 
to contrast the dynamics of the full order system (FOS) against the 3 
DOF ROM, formulated using a total variance criterion, and the 8 DOF 
ROM, formulated using the energy closure criterion (Figs.  6(a) and 6(b), 
respectively). Upon inspecting both figures, it is clear that the 3 DOF 
ROM struggles to accurately reflect the period-1 dynamics exhibited by 
the FOS. The root mean square (RMS) errors for the displacement and 
velocity fields (that is, along the length of the beam) were computed 
for the 3 DOF ROM and found to be approximately 35.4% and 114.7%, 
respectively. In contrast, the 8 DOF ROM mirrors the full order system 
with high fidelity, as reflected by the fact that the RMS errors for the 
displacement and velocity fields were 0.002% and 0.2%, respectively.

The same outcome is observed while comparing power spectra of 
the displacement and velocity beam tip time series, as shown in Fig. 
7. The fundamental frequency of the response of the FOS, shown in 
purple, is approximately 0.307, corresponding to a period 𝑇 ≈ 3.25, as 
can also be seen in the time series plots of Fig.  4. The other peaks are 
at odd harmonics of the fundamental frequency. From Figs.  7(a) and
7(b) we see the frequency content of the response obtained from the 
8 DOF ROM is nearly identical to the FOS: all peaks in the frequency 
domain are almost perfectly aligned with those of the FOS as shown 
by the red line, indicating high accuracy of the ROM in capturing 
different time scales of the FOS response. In contrast, if we compare 
the frequency content of the response from the 3 DOF ROM, as shown 
in Figs.  7(c) and 7(d), we observe that the overall structure of the 
power spectrum is significantly different and even though the first five 
or six frequency peaks align with those of the FOS, the peaks at higher 
frequencies diverge substantially. Furthermore, even the low-amplitude 
frequency content between peaks is accurately captured by the 8-DOF 
model; these are very inaccurate for the 3 DOF ROM determine by 
variance only. Thus, the 8 DOF ROM formulated using energy closure 
clearly outperforms the 3 DOF ROM using 99.99% of the total variance. 
Now, obviously, in practise one can try increasing the fraction of total 
variance to formulate a ROM with comparable accuracy; however, 
9 
the point here is that energy closure provides a physically grounded 
explanation as to why the additional modes are required.

A major open question when creating ROMs in nonlinear systems is 
how robust they are with respect to changes in parameters, particularly 
across bifurcations. We examined if the 8 DOF ROM formulated above, 
which is based only on data from one period-1 solution for 𝐹 = 12.95, 
can accurately approximate other steady-state responses of the FOS 
corresponding for other values of 𝐹 . To this end, we attempted to 
reconstruct the bifurcation diagram of Fig.  2 using the 8 DOF ROM. 
The result is shown in Fig.  8: we see that the 8 DOF ROM is capable of 
recovering the complete bifurcation structure found using the full order 
system (FOS).

To further study the robustness of our model reduction procedure, 
we used POD and energy closure analysis to construct different sub-
spaces for each of each of the 104 solutions represented in Fig.  2. Using 
the same energy closure tolerance, 𝜖tol = 10−4, all subspace dimensions 
were found to be 𝑃 = 8. We further checked the angles between each 
of these 8-dimensional subspaces: in all cases, these were found to 
be negligible, on the order of 10−3 radians. This implies that these 
subspaces essentially defined the same hyperplane, to within numerical 
error, further implying that the different sets of POMs spanning these 
subspaces were at most rotations of each other. These results help 
explain why the original 8 DOF ROM formulated using 𝐹 = 12.95 data 
was capable of recovering the full bifurcation diagram for the system. 
Furthermore, they strongly suggest that ROMs formulated using data 
from any of point in the bifurcation diagram would be able to do the 
same. Thus, we found that the reduced order modeling procedure is 
highly robust to changes in the kick strength 𝐹 .

This degree of robustness was at first surprising to the authors; 
however, a similar phenomenon has been observed in studies of the 
bifurcation structure of the complex Ginzburg–Landau equation [57,
58,79]. In these studies, it was found that POMs calculated for specific 
values of the bifurcation parameter could be used to simulate the 
system with other parameter values, as long as a sufficient number 
of POMs were retained. Furthermore, the researchers found that the 
corresponding ROMs could be expected to maintain their accuracy in 
some neighborhood of bifurcation points, and were able to approximate 
different attractors of the system. In our study, we observe that it is 
energy closure that identifies this ‘‘sufficient number’’ of POMs capable 
of capturing the dynamics in the entire parameter range of interest. The 
robustness of the ROMs observed in our solid mechanical system is an 
important addition to the previously reported instances in the context 
of fluid systems.

Thus, our results suggest that a robust construction of ROMs re-
quires the inclusion of a sufficient number of DOF across the entire 
parameter range of interest and, furthermore, that these DOF should 
lie in the same subspace. Our study shows that energy closure analysis 
provides a physics-based criterion capable of doing precisely this.

6. Summary and conclusions

We investigated the dynamics of a kicked, piecewise linear, glob-
ally nonlinear flexible oscillator and its model reduction using proper 
orthogonal decomposition (POD), with energy closure analysis used 
for dimension estimation [21,22]. Our first principles model consists 
of a clamped-free Bernoulli–Euler beam with a point mass at its tip, 
subjected to a position-triggered ‘‘kick’’ of adjustable strength and 
a localized linear restoring force acting only near the beam’s static 
equilibrium. The resulting nonlinear infinite-dimensional hybrid system 
is defined by how the piecewise tip forces create 8 regions in phase 
space (Fig.  1(b)), described by 3 distinct linear models with different 
boundary conditions (Eqs. (4) and (5)).

We represented the full-order system dynamics with high-fidelity 
numerical simulations of 25-degree-of-freedom (DOF) models con-
structed with the linear normal modes defined in each region of the 
hybrid state space. The full range of steady state behaviors of the 
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Fig. 7. Comparison of the power spectra for the full order system (FOS) and 8 DOF ROM: (a) displacement and (b) velocity at the beam tip. Power spectra comparison between 
FOS and 3 DOF ROM: (c) displacement and (d) velocity time-series at the beam tip. Time series are from the solutions of Fig.  6(b).
system was obtained and summarized with a bifurcation diagram using 
the kick strength 𝐹  as the bifurcation parameter (Fig.  2), revealing a 
complex structure of stability transitions between various periodic and 
chaotic steady states.

Displacement field data from a period-1 steady state at 𝐹 = 12.95
was used to construct global empirical basis functions via POD: an 8-
DOF model was found to satisfy energy closure to within a specified 
tolerance. These ROMs accurately captured the full-order system dy-
namics at the chosen steady state while achieving an approximately 
300% computational speedup. More significantly, even though data 
from only a single periodic steady state was used in its construction, the 
ROM was found to reproduce the full bifurcation structure (Fig.  8). In 
addition, POD with a fixed energy closure tolerance was found to select 
subspaces of the same dimension spanning nearly identical hyperplanes 
across the bifurcation parameter range, indicating strong uniformity in 
the system’s effective degrees of freedom.
10 
In contrast, a 3 DOF ROM estimated using a conventional 99.99% 
variance criterion failed to replicate the true response or the bifurca-
tion structure. While raising the retained variance (e.g., to 99.999%) 
can increase DOFs, such a statistical approach is inferior to energy 
closure in at least two respects. First, energy closure provides a physics-
based rationale for selecting a specific number of empirical modes: 
a low-variance mode may still play a critical energetic role. Second, 
different steady states in the same system may require different vari-
ance levels whereas, at least for this system, the same energy closure 
tolerance produced accurate ROMs and recovered the bifurcation struc-
ture. This suggests energy closure may offer a uniform bound on ROM 
performance in a way variance does not.

As this work is purely analytical and numerical, we used full-
state field data. However, even with a first-principles model, noisy 
or insufficient experimental data may hinder accurate energy closure 
estimation. In [22], we addressed this by outlining how to proceed with 
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Fig. 8. Reconstructed bifurcation diagram of the kicked oscillator (Fig.  2), in this case using simulations of an 8 DOF reduced order model (ROM) for kick strengths 𝐹 ∈ [12.44, 12.95]. 
The ROM was constructed with proper orthogonal decomposition (POD) and energy closure using only displacement data from the period-1 solution at 𝐹 = 12.95 (Fig.  3(a)). 
Despite this limited data set, the reconstructed diagram is virtually identical to the bifurcation diagram of the full order system (FOS).
limited data (e.g., missing velocities), strategies to reduce measurement 
noise, and efficient estimation methods for noisy inputs.

In this paper, we leveraged periodicity to simplify computations: 
energy input and dissipation (Eq. (26)) were evaluated using data from 
a single steady-state period. However, the assessment of energy closure 
is not limited to periodic data: in principle, it can be determined for 
chaotic or stochastic behaviors, though this generally will require more 
data to estimate the average energy balance accurately. Indeed, for the 
104 values of 𝐹  in Fig.  2, energy closure for chaotic responses was 
evaluated using data from all 16 forcing periods used in constructing 
the bifurcation diagram, which was sufficient for statistical conver-
gence. However, for deterministic systems, a key outcome of the ROMs’ 
robustness to parameter variations is that only periodic responses need 
be analyzed, keeping data collection requirements to a minimum.

A fundamental limitation of our approach is that only steady state 
data was used to construct ROMs and, thus, we cannot expect our 
models to reliably model arbitrary transient behavior. However, this 
is a limitation of any model reduction procedure because, in general, 
it will always be possible to start transients from unmodeled degrees 
of freedom far away from attracting steady states. On the other hand, 
the fact that our ROMs reproduce the entire bifurcation structure 
indicates that they are capable of capturing transient dynamics starting 
sufficiently close to steady states: if this were not true, at each stability 
transition the ROM would have not approached the correct attractor, as 
needed to generate the bifurcation diagram using simple continuation.
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Appendix A. Nondimensionalization of governing equations

Implementing Hamilton’s principle, the governing partial differen-
tial equation (PDE) of a cantilever Bernoulli–Euler beam of length 𝑙, 
11 
with point mass 𝑚 and spring to ground of stiffness 𝑘, both at the tip, 
as shown in Fig.  1(a), can be written in dimensioned form as: 
𝜌𝐴𝑤̈ + 𝐸𝐼𝑤′′′′ + 𝑐𝑚𝐸𝐼𝑤̇′′′′ + 𝑐𝑣𝑤̇ = 0, (30)

where 𝑤(𝑥, 𝑡) denotes the horizontal deflection of the beam during 
oscillation measured from the vertical neutral axis, with 𝑥 ∈ [0, 𝑙]; 
primes and overdots indicate derivatives with respect to 𝑥 and 𝑡, 
respectively; 𝑐𝑚 and 𝑐𝑣 denote coefficients of material damping and 
viscous damping, respectively; 𝐸 is Young’s modulus; 𝐼 is the cross-
sectional area moment of inertia of the beam; 𝐴 is area of cross section; 
and 𝜌 is the mass density of beam material.

Hamilton’s principle also provides dimensioned boundary condi-
tions. As discussed in Section 2.2, and summarized in Fig.  1(b), the 
system has a hybrid set of boundary conditions. For the purposes here, 
we need only focus on model B, corresponding to the system when the 
kick force is active (Eq.  (2)):

𝑤(0, 𝑡) = 0

𝑤′(0, 𝑡) = 0

𝐸𝐼
(

𝑤′′(𝑙, 𝑡) + 𝑐𝑚𝑤̇′′(𝑙, 𝑡)
)

= 0

𝐸𝐼
(

𝑤′′′(𝑙, 𝑡) + 𝑐𝑚𝑤̇′′′(𝑙, 𝑡)
)

= 𝑚𝑤̈(𝑙, 𝑡) + 𝑘𝑤(𝑙, 𝑡) + 𝐹 sgn(𝑤̇(𝑙, 𝑡)), (31)

To non-dimensionalize the above system, we indicate dimensionless 
variables by an overbar and define 𝑥 = 𝑙 𝑥, 𝑤 = 𝑙 𝑤 and 𝑡 = 𝑡𝑐 𝑡, where 
𝑡𝑐 is to be found. The differential operators then become
𝜕
𝜕𝑥

= 1
𝑙
𝜕
𝜕 𝑥

and 𝜕
𝜕𝑡
= 1
𝑡𝑐
𝜕
𝜕 𝑡
,

so Eq.  (30) can be written as

𝜌𝐴 𝑤̈
𝑡2𝑐
+ 𝐸𝐼 𝑤

′′′′

𝑙4
+ 𝑐𝑚𝐸𝐼

𝑤̇ ′′′′

𝑙4𝑡𝑐
+ 𝑐𝑣

𝑤̇
𝑡𝑐
= 0

⟹ 𝑤̈ + 𝑡2𝑐
𝐸𝐼
𝜌𝐴𝑙4

𝑤 ′′′′ + 𝑐𝑚𝑡𝑐
𝐸𝐼
𝜌𝐴𝑙4

𝑤̇ ′′′′ +
𝑐𝑣𝑡𝑐
𝜌𝐴

𝑤̇ = 0

in which and overdots and primes now represent dimensionless deriva-
tives. Letting 𝑐𝑚 = 𝑐𝑚∕𝑡𝑐 , 𝑐𝑣 = 𝑐𝑣 𝑡𝑐∕(𝜌𝐴) and 𝑡𝑐 =

√

𝜌𝐴𝑙4∕(𝐸𝐼), the PDE 
can be written in dimensionless form as 
𝑤̈ +𝑤 ′′′′ + 𝑐𝑚𝑤̇ ′′′′ + 𝑐𝑣𝑤̇ = 0. (32)

Correspondingly, the BCs take the dimensionless form
𝑤(0, 𝑡) = 0

𝑤 ′(0, 𝑡) = 0

𝑤 ′′(1, 𝑡) + 𝑐𝑚𝑤̇ ′′(1, 𝑡) = 0

𝑤 ′′′(1, 𝑡) + 𝑐 𝑤̇ ′′′(1, 𝑡) = 𝑚 𝑤̈(1, 𝑡) + 𝑘𝑤(1, 𝑡) + 𝐹 sgn𝑤̇(1, 𝑡), (33)
𝑚



S. Bhattacharyya and J.P. Cusumano International Journal of Non-Linear Mechanics 178 (2025) 105194 
in which we have also rescaled the mass, spring stiffness, and kick force 
using 𝑚 = 𝑚∕(𝜌𝐴𝑙), 𝑘 = 𝑘𝑙3∕(𝐸𝐼), and 𝐹 = 𝐹 𝑙2∕(𝐸𝐼), respectively.

After rescaling, for convenience, we drop overbars, which yields 
the dimensionless PDE and boundary conditions, Eqs. (1) and (2), 
presented in Section 2.

Appendix B. Removal of force boundary condition in kicking re-
gion

As discussed in Section 2.2, when finding the solution for model B, 
the force boundary condition (BC) in the kicking region can be easily 
removed by expressing the displacement field 𝑤(𝑥, 𝑡) relative to the 
static deflection associated with the constant tip force 𝐹 .

Depending on the sign of the velocity, the static deflection in this 
region is given by the time-independent version of Eqs.  (1) and (2):
𝑤′′′′(𝑥) = 0

and 
𝑤(0) = 0

𝑤′(0) = 0

𝑤′′(1) = 0

𝑤′′′(1) = 𝑘𝑤(1) ± 𝐹 ,

(34)

in which the sign in front of 𝐹  is to be chosen depending on the sign 
of the tip-velocity. We write the solution to the above boundary value 
problem as 

𝑤𝑠(𝑥) = ±
3𝐹
3 + 𝑘

(

𝑥2

2
− 𝑥3

6

)

. (35)

Then, defining the relative displacement 𝑢(𝑥, 𝑡) with respect to 𝑤𝑠(𝑥)
via 𝑤(𝑥, 𝑡) = 𝑤𝑠(𝑥) + 𝑢(𝑥, 𝑡), substitution into the second BC of Eq.  (2d) 
(corresponding to regions 4, 8) results in a BC in 𝑢 identical in form to 
that of the third BC of Eq.  (2d) (corresponding to regions 1, 3, 5, 7), as 
was to be shown.

Appendix C. Orthonormality conditions

For the modal analysis used in the piecewise solution of Section 2.2, 
we employed orthonormality conditions Eq. (9): we here summarize 
their derivation. The relevant inner products are obtained by looking 
at conservative free vibrations of the dimensionless system (Appendix 
A) of Eqs.  (1) and (2), that is, the PDE 
𝑤′′′′(𝑥, 𝑡) + 𝑤̈(𝑥, 𝑡) = 0, (36)

subjected to the boundary conditions (BCs) 
𝑤(0, 𝑡) = 0

𝑤′(0, 𝑡) = 0

𝑤′′(1, 𝑡) = 0

𝑤′′′(1, 𝑡) = 𝑚𝑤̈(1, 𝑡) + 𝑘𝑤(1, 𝑡).

(37)

Assuming a time-harmonic response, separation of variables 𝑤(𝑥, 𝑡) =
𝑊 (𝑥)𝑒𝑖𝜔𝑡 yields the differential eigenvalue problem 
𝑊 ′′′′(𝑥) − 𝜔2𝑊 (𝑥) = 0, (38)

with BCs 
𝑊 (0) = 0

𝑊 ′(0) = 0

𝑊 ′′(1) = 0

𝑊 ′′′(1) = −𝑚𝜔2𝑊 (1) + 𝑘𝑊 (1),

(39)

the solutions to which yield the natural frequencies 𝜔𝑖 and normal 
modes 𝑊𝑖 (𝑖 = 1, 2, 3,…). Substituting the 𝑖th natural frequency and 
normal mode in Eq.  (38), multiplying by the 𝑗th normal mode, and 
12 
integrating over the spatial domain of the problem (the length of the 
beam), we get 

∫

1

0
𝑊𝑗𝑊

′′′′
𝑖 𝑑𝑥 − 𝜔2𝑖 ∫

1

0
𝑊𝑗𝑊𝑖𝑑𝑥 = 0. (40)

Integrating by parts two times and using the BCs (Eq. (39)), we obtain 

∫

1

0
𝑊 ′′
𝑖 𝑊

′′
𝑗 𝑑𝑥+𝑘𝑊𝑖(1)𝑊𝑗 (1) = 𝜔2𝑖

[

∫

1

0
𝑊𝑖𝑊𝑗𝑑𝑥 + 𝑚𝑊𝑖(1)𝑊𝑗 (1)

]

. (41)

Given that in this case 𝜔𝑖 ≠ 𝜔𝑗 for 𝑖 ≠ 𝑗, swapping the indices 𝑖 and 
𝑗 and subtracting the result from the above yields the orthogonality 
condition satisfied by the normal modes: 

∫

1

0
𝑊𝑖𝑊𝑗𝑑𝑥 + 𝑚𝑊𝑖(1)𝑊𝑗 (1) = 𝛿𝑖𝑗 . (42)

Substitution of the above into Eq.  (41) then yields the additional 
condition: 

∫

1

0
𝑊 ′′
𝑖 𝑊

′′
𝑗 𝑑𝑥 + 𝑘𝑊𝑖(1)𝑊𝑗 (1) = 𝜔2𝑖 𝛿𝑖𝑗 . (43)

It can be immediately observed that, subject to the appropriate as-
sumptions on the stiffness 𝑘, Eqs. (42) and (43) have the same form 
as Eq. (9).

Data availability

Data will be made available on request.
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