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An Energy Closure Criterion for
Model Reduction of a Kicked
Euler–Bernoulli Beam
Reduced order models (ROMs) can be simulated with lower computational cost while being
more amenable to theoretical analysis. Here, we examine the performance of the proper
orthogonal decomposition (POD), a data-driven model reduction technique. We show
that the accuracy of ROMs obtained using POD depends on the type of data used and,
more crucially, on the criterion used to select the number of proper orthogonal modes
(POMs) used for the model. Simulations of a simply supported Euler–Bernoulli beam sub-
jected to periodic impulsive loads are used to generate ROMs via POD, which are then
simulated for comparison with the full system. We assess the accuracy of ROMs obtained
using steady-state displacement, velocity, and strain fields, tuning the spatiotemporal local-
ization of applied impulses to control the number of excited modes in, and hence the dimen-
sionality of, the system’s response. We show that conventional variance-based mode
selection leads to inaccurate models for sufficiently impulsive loading and that this poor
performance is explained by the energy imbalance on the reduced subspace. Specifically,
the subspace of POMs capturing a fixed amount (say, 99.9%) of the total variance under-
estimates the energy input and dissipated in the ROM, yielding inaccurate reduced-order
simulations. This problem becomes more acute as the loading becomes more spatio-tempo-
rally localized (more impulsive). Thus, energy closure analysis provides an improved
method for generating ROMs with energetics that properly reflect that of the full system,
resulting in simulations that accurately represent the system’s true behavior.
[DOI: 10.1115/1.4048663]
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Introduction
Analyzing and understanding the behavior of any high-

dimensional system is greatly facilitated if one can find a simpler
model that nevertheless well-describes its behavior. Simulations
of high-dimension models are often computationally heavy and
generate large volumes of data that can significantly hinder analysis.
However, the effective dimensionality of such systems is often sig-
nificantly lower than the fundamental dimensionality obtained from
their first-principles formulation. The estimation of a system’s
effective dimension is thus of primary importance when attempting
to formulate a much lower-dimensional model that can accurately
approximate a behavior of interest.
In this work, we study the performance of the proper orthogonal

decomposition (POD) when used for model reduction of a high-
dimensional system undergoing structural vibrations. The proper
orthogonal decomposition is a statistical tool that can be used to
obtain a low-dimensional approximation of high-dimensional data
by identifying and capturing its dominant features. This is achieved
through a variance-based decomposition of the data that leads to a
relatively small number of empirical shape functions known as
proper orthogonal modes (POMs). The POMs maximize the
amount of data variance captured per mode and, thus, POD provides
a low dimensional representation of the original data that is optimal
in the least-squares sense.
POD has a broad spectrum of applications across multiple disci-

plines. It is widely used for studying the structure of low-
dimensional dynamics in fluid systems [1–3]. POD is also used
extensively in wind and ocean engineering applications, and in

the atmospheric sciences, where the POMs are referred to as empir-
ical orthogonal functions (EOFs) [4–9]. Other application areas of
POD include linear and nonlinear control systems [10,11], acoustics
[12], neuroscience [13–15], and optical systems [16]. In Refs.
[17,18], POD was first used in the context of structural dynamics
to characterize spatial coherence and estimate the effective dimen-
sionality of different types of flexible nonlinear oscillators. Feeny
et al. in Refs. [19,20] studied how POMs obtained using POD are
related to the linear normal modes of structural systems.
However, POD, while an effective tool for data reduction, was

never aimed at performing model order reduction. Still, it has been
widely used for this purpose in a number of works [21–31]. POD
has been implemented using data from displacement fields [21–27],
as well as both displacement and velocity fields [28–31]. In
Ref. [32], a theoretical upper bound for themodeling error is obtained,
showing that it is proportional to the two-norm of the data projection
error. However, such an analytical bound, while useful, provides no
physical insight into the conditions necessary for model accuracy.
The accuracy of reduced order models (ROMs) is limited primar-

ily by the process used to estimate the effective dimensionality of
the system. Given that POD is based on the analysis of a data
set’s covariance structure, the associated low-dimensional subspace
has been typically selected so that it captures a predefined percent-
age (typically more than 99% [1,2]) of the total data variance.
However, while performing model reduction, the governing differ-
ential equations of a system are projected onto the same subspace
estimated via POD for data reduction. Unfortunately, the optimality
of POD when used for data reduction is not guaranteed to be simi-
larly optimal when used to obtain ROMs. ROMs formulated in this
manner may thus fail to capture important dynamical features of the
original system, especially those with small variances [33].
For this reason, in POD-based model reduction, the dimension of

the ROM is generally chosen by trial and error, until one is found
that results in low modeling error. One frequently finds that the
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fraction of total variance needed can vary significantly, not only
between systems but also between different dynamical responses
of the same system. For some systems, a subspace that captures
99% of the total variance of the data yields sufficiently accurate
ROMs, whereas in other systems subspaces that capture 99.9%
[22] or 99.99% [26] of the total variance are needed. As one
example, the convergence of ROMs for the 39-story Pirelli Tower
in Milan, Italy was studied in Ref. [27]. It was found that a four
degrees-of-freedom (four POM) model that captures 99.99% of
the total variance of the input data was far more accurate than a one-
dimensional model capturing 99% of the variance. To date, there
has been no physical explanation proposed for why the accuracy
of ROMs obtained in such situations changes with the percentage
of the variance captured by the reduced subspace furnished by POD.
In Refs. [33–36], an approach was proposed for selecting the

dimension of ROMs using the concept of “dynamical consistency.”
This approach takes into account the state-space dynamics of the
system generating the data, but it is fundamentally tied to the
study of chaotic steady-states, for which delay reconstruction can
be applied. In this paper, we propose an alternative, energy-based
approach for estimating the dimension of POD-based ROMs. Guo
and Przekop in Ref. [37] proposed an energy-based mode selection
approach where individual POMs with a major contribution to the
total energy of the full order system (FOS) were selected to formu-
late ROMs. We, however, show that the fraction of variability
needed for POD to yield an accurate ROM is explained by an exam-
ination of the energy balance on the reduced subspace.
For this work, we studied a periodically “kicked” simply sup-

ported Euler–Bernoulli beam undergoing steady-state oscillations.
This system was chosen because impulsive loads generally excite
a large number of modes. We controlled the “impulsivity” of the
load by tuning its spatiotemporal localization, thereby controlling
the number of excited modes in the system’s response, and hence
its effective dimensionality. We simulated the system with
varying degrees of impulsivity, and in each case generated displace-
ment, velocity, and strain data to use for model reduction. For each
case, we formulated a ROM and assessed its modeling error.
More importantly, however, we studied the accuracy of ROMs

generated using the conventional variance-based mode selection
criterion. We show that this approach yields inaccurate models
for sufficiently impulsive loading conditions and that its poor per-
formance is explained by the energy imbalance on the reduced sub-
space. Specifically, the energy input and dissipated in the system
can be substantially underestimated on the associated reduced sub-
space, even when it optimally captures a fixed percentage of the
data variance. Furthermore, this problem becomes more acute as
the loading becomes more “impulsive” (i.e., more spatiotemporally
localized). By replacing the variance-based selection criterion with
one based on energy balance, we are able to reliably identify the
proper effective dimension of the system. ROMs formulated on
such energetically closed subspaces are found to represent the
system’s true behavior with significant accuracy.

Portions of this work have previously appeared, in abbreviated
form, in a conference paper by the authors [38].

Dynamics of the Kicked Beam
We consider an Euler–Bernoulli beam, simply supported at both

ends and subjected to a periodic “impulsive” loading condition.
Dissipation in the beam is modeled as Rayleigh damping. The dis-
placement of the beam, as measured from the neutral axis, is repre-
sented by the scalar variable w(x, t). The dimensionless equation of
motion of the system is [39]

w′′′′ x, t( ) + cvẇ x, t( ) + cmẇ
′′′′ x, t( ) + ẅ x, t( ) = F(x, t) (1a)

with boundary conditions

w(0, t) = 0, w′′(0, t)+ cmẇ
′′(0, t) = 0, w(1, t) = 0,

w′′(1, t)+ cmẇ
′′(1, t) = 0

(1b)

in which: 0≤ x≤ 1; primes and overdots denote spatial and tem-
poral derivatives, respectively; cv and cm are the coefficients of
viscous and material damping, respectively. The forcing term is
given by

F(x, t) = f (x; ϵ, s)g(t; τ, T) (2)

where the spatial factor f is written as

f (x; ϵ, s) =
2
ϵ cos

2 π
ϵ (x − s)
( )

for s − ϵ
2 ≤ x ≤ s + ϵ

2
0 otherwise

{
(3)

and the periodic temporal factor g(t; τ, T) is the Fourier series cor-
responding to the following periodic function (with period T):

G(t; τ, T) =
2
τ cos

2 π
τ (t −

T
2 )

( )
for T

2 −
τ
2 ≤ t ≤ T

2 +
τ
2

0 otherwise

{
(4)

in which the parameter s denotes the location on the beam where f is
maximum (for this paper s = 1/

��
2

√
), and T indicates the time

between kicks. The parameters ϵ ∈ 0, 2(1 − s)[ ] and τ ∈ [0, T]
control the degree of “impulsivity” of the load: smaller values of
ϵ and τ signify greater spatial and temporal localization, respec-
tively. Finally, the Fourier series g (Eq. (2)) of G (Eq. (4)) is
given by

g(t; τ, T) =
1
T
+
∑∞
k=1

dk cos
2πkt
T

( )
(5a)

(a) (b)

Fig. 1 The spatial and temporal factors of the forcing function (Eq. (2)). (a) Spatial
factor for different values of ϵ. Function f is maximum at s= 1/

��
2

√
. Here, ϵ= 2−

��
2

√
.

(b) The temporal factor g for different values of the parameter τ, which controls the
duration of the “kick.” Here, time between impulses is T = 1/2π.
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where

dk =

(−1)k

T
for T = kτ

2 T3cos(πk) sin πkτ
T

( )( )
T πkτT2 − πk3τ3
( ) otherwise.

⎧⎪⎪⎪⎨⎪⎪⎪⎩ (5b)

The force density F(x, t) of Eq. (2) was designed to generate a
unit impulse over one forcing period, for all values of ϵ and τ, so∫1

0

∫T
0

F(x, t) dx dt = 1 (6)

The effect of varying these parameters is illustrated in Fig. 1. We
observe that as ϵ and τ decrease, the localization of the spatial
and temporal factors of F increases. The peak values of these
factors also increase, so that the applied forces approach the form
of a delta function as ϵ and τ approach zero. This, in turn, controls
the number of excited modes in, and hence the dimensionality of,
the system’s response.
We used symbolic algebra to determine the closed-form

steady-state solution of Eq. (1a), starting with the expansion of
the displacement in terms of normal modes

w(x, t) =
∑∞
i=1

ai(t)ϕi(x) (7)

where ϕk(x) =
��
2

√
sin(kπx) denotes the kth linear normal mode of

the beam. Substitution of this expansion into Eq. (1a), together
with the orthonormality of the normal modes, gives a set of decou-
pled ODEs in the amplitudes:

äi + ciȧi + ω2
i ai = g

∫1
0
fϕi dx (8)

where ωi is the ith natural frequency of the beam, the modal
damping coefficient is ci = cv + cm ω2

i , and the integral on the right-
hand side is

∫1
0
fϕi dx ≜ f i =

1��
2

√ sin(isπ) if iϵ = 2

8
��
2

√
sin(isπ)sin iπϵ

2

( )
4πiϵ − i3ϵ3π
( ) otherwise.

⎧⎪⎪⎪⎨⎪⎪⎪⎩ (9)

Closed-form steady-state solutions of Eq. (8) are obtained using the
method of undetermined coefficients:

ai =
fi

ω2
i T

+
∑∞
k=1

Cik cos(kωt) + Dik sin(kωt)( ) (10a)

with

Cik =
dkαk f i

(kciω)2 + α2k
and Dik =

kdkωci f i
(kciω)2 + α2k

(10b)

where ω = 2π/T is the forcing frequency, αk = (ω2
i − (kω)2) and dk

is as in Eq. (5b).
These analytical solutions, along with the expansion in Eq. (7),

were used to generate the data used to perform model reduction, as
discussed in the next section. An advantage of this “semi-analytical”
approach to generating the data is that it gives us direct access to the
normalmodes active in any given solution, providing a check on, and
helping us to interpret, the proper orthogonal modes.

Variance-Based Model Reduction
Model reduction using POD is generally performed in two stages.

In the first stage, a set of mutually orthogonal basis functions
(known as proper orthogonal modes or POMs) is determined by
the application of POD to experimental or simulation data. Then,
depending on some mode selection criterion, a number of

“important” basis functions is chosen from the set to form a sub-
space of reduced dimension. In the next stage, the governing equa-
tions that define the full system are projected (via Galerkin
projection) onto this subspace. This leads to a lower-dimensional,
ROM defined by a relatively small number of coupled ordinary dif-
ferential equations (ODEs) that, in principle, mimics the dynamics
of the full system. A detailed description of the method is available
in multiple journal articles and books (see e.g., Refs. [1,3,22,40–
43]). In this section, we briefly address both of these stages of
model reduction to a level of generality adequate for the scope of
this paper. Then, we discuss the model reduction of the periodically
kicked EB beam using the variance-based mode selection criterion.
Let w(x, t) be the statistically stationary, steady-state solution of

an infinite dimensional dynamical system with one spatial dimen-
sion. We assume, without loss of generality, that the temporal
mean of w(x, t), denoted by angle brackets as 〈w(x, t)〉, is zero
for each x. The solution w∈ L2(Ω), where L2(Ω) is the Hilbert
space endowed with the following inner product:

(w, v) =
∫
Ω
w(x)v(x) dx (11)

in which Ω is the spatial domain which, for the dimensionless
system studied here, is given by Ω= [0, 1]. Equation (11) yields
an induced norm ‖w‖ = �������

(w, w)
√

.
We wish to determine a set of functions ψ(x) that maximize the

time-averaged projection of w onto ψ, and thus minimize the asso-
ciated projection error [3]:

min
ψ i∈L2(Ω)

w(x, t) −
∑P
i=1

(w(x, t), ψ i)ψ i

∥∥∥∥∥
∥∥∥∥∥
2〈 〉

(12)

in which the angle brackets 〈·〉 denote the time averaging operation,
and the objective function is subjected to the normality constraint
‖ψ‖= 1. It can be shown [3] that the above minimization problem
is equivalent to the following infinite-dimensional eigenvalue
problem: ∫

Ω
r(x, y)ψ(y) dy = λψ(x) (13)

where the integral kernel r(x, y) is the spatial correlation function (or
covariance) relating the behavior at two points x, y∈Ω. That is,

r(x, y) = w(x, t) w(y, t)
〈 〉

(14)

Solving the eigenvalue problem Eq. (13) leads to an infinite set of
eigenfunctions {ψ i}

∞
i=1, which are the POMs, each with a corre-

sponding eigenvalue λi that denotes the variance of w(x, t) along
ψi(x). The question is then how to best select a finite number P of
the ψi from this set to approximate w(x, t).
For variance-based mode selection, one uses

P = argmin
P

I(P):I(P) ≥
p

100

{ }
(15a)

where

I(P) =
∑P

i=1 λi∑∞
i=1 λi

(15b)

This criterion selects the smallest P (the dimension of the reduced
subspace), for which the POMs capture a predefined percentage p
of the total variance,

∑∞
i=1 λi = 〈(w, w)〉. For the analyses in this

paper, we selected p= 99.9%. The corresponding projection error
is [3,43] given by

ẽ =
∑∞
j=P+1

λ j

( )1
2

(16)

However, the data projection error ẽ is not equivalent to the mod-
eling error associated with the ROM. Rather, ẽ is simply the L2

norm of the difference between w(x, t) and its projection onto the
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P dimensional subspace. In contrast, the modeling error can only be
estimated once the solution of the ROM is compared with the solu-
tion of the FOS. Thus, low projection error does not imply lowmod-
eling error. The current study is motivated by this central issue.
For numerical simulations, we included N= 100 normal modes in

the expansion Eq. (7). Thus, the steady-state displacement field for
our EB beam model was expressed as

w(x, t) =
∑N
i=1

ai(t)ϕi(x) (17)

In this case, the amplitudes ai(t) are known analytically (via Eqs.
(10)) as are the normal modes ϕi(x), so the only errors in our gen-
erated data arise from modal truncation error (because N <∞), and
finite precision arithmetic. We therefore considered this
100-dimensional approximation to represent the “exact” solution
to the full system.
We then determined the POMs using the displacement (w), velo-

city (ẇ), and “strain” (w′′) field data. The set of linear normal
modes, used as the basis in Eq. (17), satisfies all boundary condi-
tions and appropriate side conditions (e.g., differentiability) and
therefore can be used to generate other admissible bases through
linear transformation. We therefore express the POMs, which are
yet to be found and also form a distinct admissible orthonormal
basis, as a linear combination of the normal modes [1,40]:

ψ(x) =
∑N
j=1

q jϕ j(x) (18)

Substituting this finite dimensional representation of ψ(x) into Eq.
(13) and that of w(x, t) (Eq. (17)) into Eq. (14), converts the infinite-
dimensional eigenvalue problem Eq. (13) into the matrix eigenvalue
problem

Aq = λq (19a)

where A ∈ RN×N is the modal correlation matrix with elements

Aij = 〈ai(t)a j(t)〉 = 1
T

∫T
0
ai(t)a j(t) dt (19b)

in which we express the time average as an integral over a single
forcing period, since the steady-state response is periodic. Thus,
the components of the discrete eigenvectors q denote coordinates,
with respect to the normal modes, of a given POM ψ(x).
For standard variance-based mode selection, we select a set of P

eigenvectors corresponding to the P largest eigenvalues of A such
that the corresponding reduced subspace captures 99.9% of the
total variance of the data. We anticipate that P≪N. Once the sub-
space is defined, in the second stage of the model reduction, the
equation of motion Eq. (1a) is projected onto this subspace to
obtain the ROM.
To construct the reduced-order model, we expand the solution to

the system with respect to the POMs:

w(x, t) ≈ ŵ(x, t) =
∑P
j=1

b j(t)ψ j(x) (20)

Substituting ŵ(x, t) in the governing equations (1a) and employing
the boundary conditions (Eq. (1b)), we obtain a system of linear
second-order ODEs in terms of the proper orthogonal coordinates
bj(t):

b̈ + Cḃ + Kb = f̂ (21)

where the P×P stiffness matrix K and P× 1 reduced forcing vector

f̂ have elements

Kij =
∫1
0
ψ ′′
i (x)ψ

′′
j (x) dx and (22a)

f̂i = g

∫1
0
fψ i(x) dx (22b)

respectively, and where f and g are as in Eq. (2). Note that in this
case the mass matrix of Eq. (21) is simply the identity because
the ψi were expressed as a linear combination of the system’s mass-
normalized normal modes (Eq. (18)), which are themselves ortho-
normal. Similarly, the damping matrix is found to be C = cvI + cmK.
Using the eigenvectors of the stiffness matrix K (symmetric, pos-

itive definite), the ROM was diagonalized and symbolic algebra
was again used to determine the steady-state solutions analytically,
via the method of undetermined coefficients. The displacement and
velocity fields of the ROMs were then estimated using the expan-
sion Eq. (20). Subsequently, we calculated the mean-square-error
between these quantities estimated from the ROM and their exact
values (Eq. (17)) and used these errors to characterize the perfor-
mance of the ROM.

Accuracy of Variance-Based Reduced Order Models
While performing simulations, we used a variety of different

parameter values in our model and generated three different
steady-state fields: displacement, velocity, and strain. In each simu-
lation, 90 Fourier terms were used to model the periodic temporal
factor of the forcing function. Also, both resonant and nonresonant
forcing frequencies were used. Furthermore, the simulations were
performed with two different damping conditions: in one, the
beam was subjected to only material damping; in the other, to
only viscous damping. For model reduction, we selected the
number P of POMs such that the associated reduced subspace cap-
tured p = 99.9% of the total data-variance. We adjusted the param-
eters τ and ϵ to vary the impulsivity of the forcing and thereby
controlled the dimensionality of the system’s response.
For a given set of parameters, displacement, velocity, and strain

fields were collected from each simulation and used to formulate
three different ROMs following the steps outlined in the previous
section. ROMs based on the displacement field used POMs
obtained using the modal covariance matrix A (Eq. (19a)) with ele-
ments Aij as shown in Eq. (19b). However, for ROMs using velocity
field data, the relevant spatial covariance kernel (Eqs. (13) and (14))
changes to

r(x, y) = ẇ(x, t) ẇ(y, t)
〈 〉

(23a)

so the elements of A become

Aij =
1
T

∫T
0
ȧi(t)ȧ j(t) dt (23b)

Similarly, for ROMs based on strain field data the appropriate
covariance kernel is

r(x, y) = w′′(x, t) w′′(y, t)
〈 〉

(24a)

and the elements of A become

Aij =
ωiωj

T

∫T
0
ai(t)a j(t) dt (24b)

where ωi and ωj are the i th and j th natural frequencies. For ROMs
using strain data, the set of POMs was also integrated twice and
orthonormalized (using the Gram-Schmidt procedure) before con-
structing the reduced subspace. This is because the strain at the
surface of the beam is, to leading order, the second spatial derivative
of the displacement.
After determining the eigenvalues and eigenvectors q of A (Eq.

(19a)) in each case, we found the associated POMs via the expan-
sion Eq. (18). Finally, for a given number P of POMs, substituting
for w(x, t) in the equation of motion Eq. (1a) using the P-term
approximation Eq. (20) yielded, after carrying out the Galerkin
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procedure, ROMs consisting of P coupled ODEs in the form of Eq.
(21), for each data set.
Subsequently, the accuracy of the ROMs was assessed by esti-

mating the error associated with the displacement and the velocity
fields generated by these models. We define the total relative displa-
cement and velocity errors associated with each ROM as

êd =
‖w(x, t) − ŵ(x, t)‖〈 〉

‖w(x, t)‖〈 〉 and (25a)

êv =
‖ẇ(x, t) − ̂̇w(x, t)‖〈 〉

‖ẇ(x, t)‖〈 〉 (25b)

in which the hats indicate values estimated from the ROM, and the
time averages are computed over one period.
Figure 2 shows representative results from three different simula-

tions with three different loading conditions, where the model reduc-
tion was performed using the displacement field only. Figures 2(a)
and 2(b) correspond to non-localized subresonant forcing with low
impulsivity (large values of ϵ and τ); Figs. 2(c) and 2(d ) also corre-
spond to subresonant forcing, however, with higher impulsivity and
higher spatial localization (small values of ϵ and τ); andFigs. 2(e) and

2( f ) correspond to a highly impulsive and localized loading condi-
tion, but with forcing frequency equal to the second natural fre-
quency of the beam. Examination of the average mechanical
energy for each mode, EN, which is the sum of the modal kinetic
and potential energy averaged over one period, reveals that the
number of modes excited due to the external forcing is higher in
the third case (compare Fig. 2(e) with Figs. 2(a) and 2(c)), so that
the effective dimensionality of the response in the third case is
higher than the other two cases. Furthermore, the accuracy of the
ROM’s response is observed to be particularly low in the third
case. This can be seen by comparing Fig. 2( f ) with Figs. 2(b) and
2(d ), where the response corresponding to the mid-point of the
beam of the FOS and the ROMs are shown on the (w, ẇ) phase
plane. In Figs. 2(b) and 2(d ), the phase plane plots for the ROM
and the FOS overlap almost completely, but not in Fig. 2( f ). In
fact, the displacement and velocity error estimates (Eqs. (25)) for
the third case are quite large, 2.32% and 49.83%, respectively.
We formulated other ROMs for the third case using velocity and

strain field data to understand if, with the same mode selection cri-
terion, a different data set would lead to a more accurate ROM. In
the left column of Fig. 3, we see that even though the dimensions of
these ROMs were larger compared with the displacement-based
model (13 POMs were needed for the newer models compared to

(a) (b)

(c) (d)

(e) (f )

Fig. 2 Reduced ordermodels (ROMs) of driven Euler–Bernoulli beamobtained from
displacement field data (ROMd) with dimension selected using p=99.9% of total var-
iance (Eq. (15)). Each row corresponds to a specific loading condition. Left column
shows average mechanical energy (EN) of linear normal modes. Right column com-
pares response of the ROMswith that of full order system (FOS). In panels (a) and (b),
forcing is sub-resonant (T = π) and non-impulsive (τ= π, ϵ= 2−

��
2

√
; see Eq. (2) and

subsequent, and Fig. 1). In panels (c) and (d), forcing is still sub-resonant (T = π) but
is now impulsive (τ = 0.001, ϵ= 0.002). In panels (e) and (f), forcing is at second
natural frequency (T = 1

2π) and is impulsive (τ= 0.001, ϵ= 0.002). By visual inspec-
tion, we see that the ROM accuracy is quite good in (b), not quite as good in (d),
but quite poor in (f). Moreover, we observe that the number of modes excited in
the first two cases, (a) and (c), is lower than that in the third case (e). This illustrates
that variance-based mode selection does not always yield accurate ROMs, espe-
cially under impulsive loading when the effective dimensionality of the response
is high.
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6 for the displacement-based model shown in Fig. 2(e)), the accu-
racy of their response was still not satisfactory. For example, the
ROM obtained with strain field data showed 4.52% displacement
and 11.87% velocity error. Table 1 summarizes the errors associated
with the six ROMs shown in Fig. 3.
In all cases shown in Fig. 3, we observe a clear mismatch

between the response of the FOS and the ROMs. Figures in the
right column of Fig. 3 correspond to simulations in which the
beam was subjected to only material damping, with other parameter
values the same as that used to generate the figures on the left,

which were done with viscous damping only. As shown in
Table 1, the errors êd and êv are, in general, smaller for the material
damping case, likely because with material damping higher vibra-
tional modes are over-damped. Nevertheless, in all cases the
ROM errors are substantial, particularly in the velocity.
In the above discussion, we used phase plane plots for specific

locations on the beam. To select these locations, we defined the
errors

ed(x) =
|w(x, t) − ŵ(x, t)|2〈 〉( )1

2

max
t

(|w(x, t)|) and (26a)

ev(x) =
|ẇ(x, t) − ̂̇w(x, t)|2〈 〉( )1

2

max
t

(|ẇ(x, t)|) (26b)

in which, as in Eqs. (25), the hats indicate values estimated from the
ROM, and the time averages are computed over one period. The
quantities ed(x) and ev(x) define relative displacement and velocity
errors, respectively, as functions of position along the beam.
Given that the displacement is zero at the beam’s boundaries,
these relative errors are not defined at x= 0 and x= 1; however,
our aim was to identify locations in the beam’s interior with rela-
tively high errors, so that the ROM inaccuracies would be more

(a) (b)

(c) (d)

(e) (f )

Fig. 3 Accuracy of reduced order models (ROMs) constructed using different data
sets, with dimension selected using p = 99.9% of total variance, as for Fig. 2. In
panels (a), (c), and (e): with only viscous damping (cv=1, cm=0), displacement
versus velocity phase plane plots for the full order system (FOS) and ROMs, based
on displacement (ROMd, P=6 POMs used), velocity (ROMv, P=13), and strain
(ROMs, P=13) data, respectively. In panels (b), (d), and (f): with only material
damping (cv=0, cm=0.01), similar plots comparing FOS and ROMs from displace-
ment (P=3), velocity (P=5), and strain (P=4) data, respectively. All remaining
parameters match those used for the plots of Figs. 2(e) and 2(f)). Each plot is gener-
ated at a point on the beam where displacement and velocity errors are high (deter-
mined using Eqs. (26)). Note: Fig. 2(f) is duplicated in panel (a) for ease of
comparison. See Table 1 for summary of errors for these six cases.

Table 1 Summary of relative errors (Eqs. (25)) associated with
reduced order models of Fig. 3, derived using variance-based
mode selection

Nature of damping ROM êd (%) êv (%) P

Viscous Displacement 2.32 49.83 6
Velocity 2.48 2.78 13
Strain 4.52 11.87 13

Material Displacement 2.57 13.64 3
Velocity 0.61 2.75 5
Strain 0.54 5.51 4

Note: P is the number of POMs used in each ROM.
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readily visible. These errors are shown in Fig. 4 for the ROMs of
Figs. 3(a) and 3(b): we see that there is a significant variation in
the ROM error over the beam’s length, and it is particularly high
near the middle. Thus, for the plots in Fig. 3, we chose locations
where these errors reached a local maximum, giving x= 0.5 in
Fig. 3(a), x= 0.52 in Fig. 3(b), etc.
A reduced subspace of dimension P selected using the variance-

based mode selection criterion provides an optimal projection of the
parent data. Thus, for a given projection error tolerance, it is possi-
ble to directly estimate P using Eq. (16). However, the above results
demonstrate that the value of P optimal for projecting data does not
guarantee a ROM with low modeling error.
To examine the situation in more detail, we denote the projection

errors associated with the displacement and the velocity fields as ẽd
and ẽv, respectively. These errors are defined by replacing ŵ and ̂̇w
in Eqs. (25) with the projections w̃ and ˜̇w of the displacement and
velocity fields onto the POMs for a given value of P. In Fig. 5,
both types of error are plotted against the subspace dimension P :
Figs. 5(a) and 5(b) show the projection errors for displacement
(̃ed) and velocity (̃ev), whereas Figs. 5(c) and 5(d ) present the cor-
responding ROM modeling errors (̂ed and êv).

2 All plots were gen-
erated using only viscous damping as in Figs. 3(a), 3(c), and 3(e).
The results show that modeling errors can be very different from
projection errors. For example, the decay of the projection errors
is generally monotonic with increasing P, but this monotonicity is
lost in the ROM errors.
An important feature of the results shown in Fig. 5 is that the

maximum subspace dimension is P= 24 in each case. This upper
bound arises from the numerically estimated rank of the associated
100 × 100 modal correlation matrix A: eigenvectors corresponding
to P > rank(A) define the null space of A and, as a result, are
unable to capture the system’s dynamics. This suggests that the pre-
cision and accuracy of a given data set inherently limits the largest
dimension of the data that can be resolved with POD.
The results of Fig. 5 suggest that accurate ROMs may require the

number of POMs to exceed the value of P prescribed by variance-
based mode selection. Of course, one can always include more
POMs by increasing p, the percentage of the data variance captured
by the resulting subspace, in a trial and error fashion until a ROM
with a desired accuracy is obtained; however that does not explain
why p= 99.9% works in some cases, while in other cases 99.99%
or 99.999% is required.Moreover, why can this percentage vary sub-
stantially not only from system to system but also between different
steady-state solutions of the same system? Is it possible to gain

physical insight into the mode selection procedure, beyond this
purely statistical analysis?
In the next section, we present an energy-based approach, where

P is estimated based on energy balance on the reduced subspace.
We show that this approach resolves the ambiguities associated
with variance-based dimension estimation.

Mode Selection Based on Energy Closure
As an alternative to variance-based mode selection, we begin by

examining the energetics of the system. We observe that because
the steady-state dynamics of the system is periodic, the energy dis-
sipated over one period balances the energy input to the system. We
can write this as

Wd =Wf (27)

where

Wd = cv

∫T
0

∫1
0

ẇ2(x, t) dx dt + cm

∫T
0

∫1
0

ẇ′′2(x, t) dx dt (28a)

represents the total energy dissipated by the damping forces over
one period, and

Wf =
∫T
0

∫1
0

f (x; ϵ, s)g(t; τ, T)ẇ(x, t) dx dt (28b)

represents the work input by external forces.
Next, consider the steady-state displacement and velocity fields,

w(x, t) and ẇ(x, t), of the FOS. We project these exact fields onto a
P-dimensional subspace, constructed using POD, to obtain approx-
imations w̃(x, t) and ˜̇w(x, t). If we now estimate Wd and Wf by sub-
stituting the projected approximations into Eqs. (28) for w(x, t) and
ẇ(x, t), we obtain approximations W̃d and W̃f . However, for a given
value of P, the approximations W̃d and W̃f will neither be close
to their true value Wd (or Wf), nor will they be in balance as in
Eq. (27). We, therefore, introduce a residual eW, defined as

eW =
W̃d

Wd
−
W̃f

Wd

∣∣∣∣∣
∣∣∣∣∣ (29)

which provides a measure of the energy imbalance on the reduced
subspace. Before applying Eq. (29), we require that both W̃d/Wd

and W̃f /Wd be close to 1 to ensure that the energy flowing into
and out of the subspace are each being accurately estimated.

(a) (b)

Fig. 4 Relative displacement and velocity errors as a function of position along the
beam (Eqs. (26)), for ROMs obtained using displacement field data: (a) only viscous
damping (all parameters as in Fig. 3(a)) and (b) only material damping (all parameters
as in Fig. 3(b))

2The MATLAB programs used to generate all of the data used in this paper, including
the results shown in Figs. 5(c), 5(d ), and 6, can be found at https://doi.org/10.5281/
zenodo.4025520.
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Then, if eW≈ 0 we can say that the reduced subspace is approxi-
mately in energy balance, which suggests that all dynamically rele-
vant dimensions (POMs) have been included.
We thus use eW, W̃d , and W̃f to select the correct P for model

reduction as an alternative to the variance-based approach. Using
the same system parameters as for the plots of Fig. 3, Fig. 6
shows plots of W̃d and W̃ f , normalized by Wd (on the left vertical
axis), against the subspace dimension, P. As with the subplots of
Fig. 3, Figs. 6(a), 6(c), and 6(e) correspond to the cases with only
viscous damping, and Figs. 6(b), 6(d ), and 6( f ), with only material
damping. In every plot, we observe that the normalized W̃d and W̃ f

increase monotonically and, beyond a certain value of P, saturate at
a value near 1. For example, in Fig. 6(a), W̃d and W̃ f are approxi-
mately saturated at P= 12, and no noticeable change is observed
as P is further increased, indicating that they are very close to
their true value, Wd.
However, this does not guarantee that the energy on the sub-

space is yet in balance. Returning to Fig. 6, we see that in all
cases the energy balance error eW starts at a relatively high
value, and then eventually decreases down to a value very close
to zero for the maximum value of P. One could simply take this
value of P to be the dimension used for the ROM in each case;
however, one finds that, while this certainly gives a model of
lower dimension than the FOS, it is typically of much higher
dimension than is necessary. Furthermore, as discussed in the pre-
vious section, the maximum value of P in these plots is determined
by the rank of the covariance matrix A (Eqs. (19)) and is a charac-
teristic of the data used for POD. Especially in potential experi-
mental applications, for which the data will invariably be
contaminated by noise, this maximum dimension will not be
small, but will equal the dimension of the entire data set.

A more systematic approach is to set a tolerance, etol, indicating
an acceptable level of energy balance error and then take the lowest
value of P for which eW < etol to be the dimension of the ROM. In
selecting etol, one must again ensure that W̃f and W̃d are estimated
accurately since a balance of their inaccurate estimates has no phys-
ical significance, but otherwise it can be adjusted to meet the accu-
racy requirements of the problem at hand, much as one adjusts the
tolerance of a differential equation solver or root finder. After some
initial experimentation, we found that setting etol equal to the geo-
metric mean of the minimum and maximum values of eW (that is,
setting etol =

�������������������
max(eW ) min(eW )

√
) yielded an objective way to

select the tolerance that gave consistently accurate ROMs.
However, for the results presented here, we took another

approach, which permits us to describe the typical structure of the
residual curves. Examining Fig. 6(a), we see that W̃d/Wd ≈
W̃ f /Wd ≈ 1 when P= 12, but it is not until P= 20 that eW decreases
and then continues to decay with a general downward trend to its
minimum value. Hence, we selected P= 20 as the dimension of
the ROM. This is well beyond the value of P= 6 determined
using the variance-based approach (refer to the large filled square
symbols on the ROMd curves in Fig. 5). We thus applied a
similar procedure to the cases shown in the other subplots of
Fig. 6: first, we identified the point at which
W̃d/Wd ≈ W̃ f /Wd ≈ 1; then we identified where eW sharply
decreases and continues with a general downward trend to its
minimum value. We took the lowest value of P in this trending
portion of the residual curve as the dimension of our ROM. This
gave us subspace dimensions of P=20 for Fig. 6(c), P= 18 for
Fig. 6(e), and P=8 for the three cases with material damping, Figs.
6(b), 6(d), and 6( f ). Note that the value of P is found to be substan-
tially lower for the systems with material damping. This occurs

(a) (b)

(c) (d)

Fig. 5 Comparison between displacement and velocity projection errors (̃ed and ẽv,
top row) and ROM errors (̂ed and êv, bottom row). Each plot contains separate curves
corresponding to system parameters used for Figs. 3(a), 3(c), and 3(e), which
included viscous damping only. In panels (a) and (b), the projection errors are
plotted against subspace dimension P, computed using displacement (PRd), velocity
(PRv), and strain (PRs) data. In panels (c) and (d), modeling errors are similarly plotted
against subspace dimension P, for ROMs computed using displacement (ROMd),
velocity (ROMv), and strain (ROMs) data. Variance-based mode selection with p=
99.9% of total variance gives values of P indicated by the large filled square
symbols in plots on all four figures. While the projection errors are seen to decrease
monotonically with P, that is not the case for the ROM errors.
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because, for material damping, the modal damping coefficient (ci in
Eq. (8)) scales as the square of the natural frequency, so the ampli-
tudes of higher modes are strongly reduced, which diminishes the
dimensionality of the system’s response. This results in the dynamics
of such systems being represented by comparatively lower-
dimensional reduced order models.
We reformulated the ROMs using these new values of P and

recomputed the displacement and velocity errors, as summarized
in Table 2. Comparing Tables 1 and 2, we see that the correspond-
ing displacement and velocity errors of the ROMs obtained using
the energy closure criterion are approximately 3 orders of magni-
tude smaller than those found using the variance-based criterion.
This increased accuracy is also evident in Fig. 7, which show
steady-state responses of two new ROMs (one with viscous
damping, the other with material damping) together with the

exact solutions: the ROM and exact solutions are now virtually
indistinguishable. By comparing Fig. 7 to the first row of Fig. 3,
the dramatic increase in ROM accuracy is readily apparent.
In the interest of brevity, Fig. 7 only displays the results corre-
sponding to ROMs obtained using displacement field data;
however, applying the method described above to strain and velo-
city field data yielded ROMs that show a similar increase in
accuracy.

Summary and Conclusions
We have presented a new approach for estimating the dimension

of ROMs formulated using POD. We showed that to accurately
capture the steady-state dynamics of a high dimensional system

(a) (b)

(c) (d)

(e) (f )

Fig. 6 Energy balance as a function of reduced subspace dimension P. The six sub-
figures (a)–(f) were computed with the same system parameters used for the corre-
sponding subfigures in Fig. 3. Approximate energy dissipated (W̃d) and work input
(W̃ f ), calculated by projecting exact displacement and velocity fields onto the
reduced subspace, are both normalized by the true dissipated energy Wd (Eq. (28a))
and plotted using the left vertical axis. The energy balance error eW (Eq. (29)) is
plotted using the right axis. Plots (a) and (b) correspond to calculations done with dis-
placement data, (c) and (d) with velocity data, and (e) and (f) with strain data. In each
case, the reduced subspace is considered to be energetically closed if W̃d/Wd ≈
W̃f/Wd ≈ 1 and eW decreases and continues to decay to a small value. The smallest
value of P for which this occurs is taken as the number of POMs to be used for the
ROM.

Table 2 Errors associated with different ROMs derived using the energy closure criterion

Nature of damping ROM êd (%) êv (%) P

Viscous Displacement 5.53 × 10−4 1.8 × 10−2 20
Velocity 8.39 × 10−2 4.34 × 10−2 20
Strain 2.42 × 10−2 2.05 × 10−1 18

Material Displacement 6.46 × 10−4 3.67 × 10−2 8
Velocity 2.47 × 10−3 2.51 × 10−3 8
Strain 6.47 × 10−4 3.56 × 10−2 8

Note: The errors are defined in Eq. (25). P is the number of POMs used in the ROMs.

Journal of Vibration and Acoustics AUGUST 2021, Vol. 143 / 041001-9

D
ow

nloaded from
 http://asm

edigitalcollection.asm
e.org/vibrationacoustics/article-pdf/143/4/041001/6585726/vib_143_4_041001.pdf by Texas A & M

 U
niversity user on 07 July 2025



with a ROM, it is crucial to consider the energy balance on the asso-
ciated reduced subspace. Our approach uses this idea of energy
closure to select the number of POMs needed for model reduction.
Our findings demonstrate that, while the accuracy of ROMs is influ-
enced by the type of data used to formulate the model, it depends
more crucially on the energy balance on the model’s reduced
subspace.
To focus our discussion, we studied the dynamics of a driven

Euler-Bernoulli beam. The beam’s distributed periodic forcing
could be tuned to excite a variable number of effective degrees-
of-freedom. Symbolic algebra was used to obtain approximate ana-
lytical steady-state solutions using modal analysis with 100 linear
normal modes. These solutions were then used to generate displace-
ment, velocity, and strain data for further processing by POD. Using
the conventional variance-based mode selection criterion, which
selects POMs that capture a fixed percentage of the total response
variance (for our study, 99.9%), yielded ROMs with substantial
inaccuracies for more impulsive loading conditions, with a
maximum of 4.52% relative displacement error and 49.83% relative
velocity error (see Table 1 for details). However, selecting the
number of POMs required to achieve energy balance on the corre-
sponding reduced subspace (the span of the selected POMs) gave
ROMs with errors that were smaller by approximately three
orders of magnitude (Table 2).
A fundamental problem with variance-based mode selection is

that it is difficult, a priori, to determine the percentage of total var-
iance that will lead to an accurate model. Furthermore, the needed
percentage of variance can differ widely from one system to the
next, or even from one steady-state solution to another. There are
two main reasons for this. First, POD is essentially a projection-
based technique that ensures optimal reduction (in a mean-square
statistical sense) of high-dimensional data. However, such projec-
tion optimality does not ensure accuracy of a ROM. This is
because, second, the variance of a data set, or any portion of it in
a reduced subspace, has no direct connection with the dynamics
of the system generating it. In particular, dynamically important
modes that have small variance can still play a crucial role in trans-
porting energy in and out of the system. The neglect of such small-
variance degrees-of-freedom can result in a ROMwith behavior that
significantly deviates from the true system dynamics.
The energy closure criterion resolves this problem by directly

examining whether the subspace spanned by a candidate set of
POMs is closed with respect to the energy flowing into and out of
it. Thus, instead of merely assessing the relative magnitude of dif-
ferent POMs, energy closure analysis gives a physics-based expla-
nation for why selected modes should be included in a ROM.

It provides a physically grounded and objective criterion for
mode selection that can be used across systems and steady-states,
obviating the need for ad hoc changes in the percentage of captured
variance, as can occur with the conventional, purely statistical
approach.
For conceptual clarity and numerical convenience, this paper

focused on the dynamics of a relatively simple Euler-Bernoulli
beam. The general application of the energy closure criterion will
require that certain practical issues surrounding its implementation
be addressed. For the study of experimental systems or finite
element models, the semi-analytical approach employed here can
not be used, simply because a closed-form solution for the dynamics
will typically not be available. This will be especially true for non-
linear systems. However, the physical principle underlying energy
closure has universal validity; hence, there is no fundamental
reason to think the approach could not, in principle, be applied in
such cases. What is needed is a numerical implementation of the
ideas developed in this paper. Moreover, energy closure analysis
requires the velocity field of the system, which for experimental
systems may be difficult to acquire directly. One may be able to
use finite differences or interpolation methods to estimate the velo-
city field in such cases. The effect of such approximations, as well
as the effect of experimental noise and measurement error, on
dimension estimates made using the energy closure criterion will
have to be studied in future work.
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