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Abstract

Reduced-order models (ROMs) offer compact representations of complex engineering systems governed by partial differential
equations or high-dimensional ordinary differential equations enabling efficient simulations of otherwise computationally
intensive problems. These models are typically constructed by projecting the high-dimensional governing equations onto
reduced subspaces derived using techniques such as Singular Value Decomposition (SVD) or Proper Orthogonal Decomposi-
tion (POD). However, conventional ROMs struggle with nonlinear systems due to the high computational cost of repeatedly
accessing high-dimensional solution spaces for nonlinear term evaluations. Hyper-reduction methods address this challenge
by efficiently approximating nonlinear term evaluations, significantly improving ROM performance. They are also essential
for solving large parametric linear problems that lack an efficient parameter-affine decomposition. This paper provides a
comprehensive overview of hyper-reduction algorithms, emphasizing both their theoretical foundations and practical imple-
mentations in academic research and industry. With the rapid advancement of data-driven methods, reduced-order modeling
has become indispensable for analyzing and simulating large-scale systems, including fluid dynamics, thermal processes,
and structural mechanics. As the demand for efficient computational tools in science and engineering continues to grow, a
detailed discussion of hyper-reduction techniques is both timely and valuable. The paper explores state-of-the-art hyper-
reduction techniques, including discrete empirical interpolation methods (DEIM), energy-conserving sampling and weighting
(ECSW), and emerging machine learning-based approaches. A nonlinear parametric heat conduction example is presented
to illustrate the implementation of these methods. The analysis evaluates their strengths and weaknesses using standard
metrics, providing insights into their practical utility. Finally, the paper concludes by discussing future research directions
and potential applications of hyper-reduction, including its integration with real-time simulations and digital twin systems.

1 Introduction

Large-scale simulations [1, 2] are prevalent across numer-
ous engineering fields [3] including computational fluid
dynamics [4-7]; aerodynamic and structural simulations
in the automotive and aviation industries; reservoir simula-
tions in the petroleum sector [5, 8]; extreme-scale thermal,
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thermomechanical, and hydrodynamic simulations [9-12];
alternative energy applications such as nuclear engineer-
ing [13, 14], as well as microelectromechanical systems
(MEMS) simulations [3, 15-21]. These systems, often
governed by nonlinear multi-physics, multi-scale equations
[22-24], are computationally expensive, particularly in
many-query applications. Employing Finite element [25-28]
and finite volume methods [29, 30] to solve such problems
often lead to prohibitively large systems of equations, requir-
ing days or weeks of computation [31]. Nevertheless, these
systems often exhibit low intrinsic dimensionality [32,
33], meaning a small set of dominant features can effec-
tively describe the solution. Data-driven techniques iden-
tify this low-dimensional latent space [34, 35], to construct
reduced-order models (ROMs) [36—44], which substantially
enhances computational efficiency while maintaining solu-
tion accuracy.
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Fig. 1 Published papers on hyper-reduction over the last two decades (as of 2024, source: web of science)

Proper orthogonal decomposition [39, 45-50] is widely
utilized for constructing low-dimensional linear latent spaces
that capture the dominant trends in the data by maximiz-
ing captured data-variance. This subspace is then used with
Galerkin (or Petrov-Galerkin) projection [51-55] of the gov-
erning equations, resulting in a ROM, commonly referred to
as projection-based ROMs (pROMs) [56-61].

This paper focuses on pROMs of large-scale nonlinear
models [62, 63] derived from discretized nonlinear partial
differential equations (PDEs) [64]. Contrary to expectations,
pROMs for large-scale nonlinear systems can be computa-
tionally expensive to evaluate, and in some cases, costlier
than the original high-fidelity model (HFM) they intend to
reduce [31, 65]. Nonlinear ROMs typically employ iterative
schemes such as Newton—Raphson methods [66] to solve the
system, which requires repeated evaluation and projection
of the full-order nonlinear terms. The evaluation of these
nonlinearities requires access to full-order solutions, which
are obtained by lifting the solution from the reduced latent
space back to the full-order space, thus, effectively negating
the intended computational efficiency of the pPROM. There-
fore, evaluating model nonlinearities efficiently is critical to
maintaining the computational efficiency of ROMs.

Hyper-reduction methods, a term coined by Ryckelynck
[67], provide efficient strategies to handle nonlinear terms
in reduced-order models by selectively sampling the com-
putational mesh. Instead of evaluating nonlinearities across
the entire dense mesh, these methods construct a reduced
mesh-composed of strategically chosen nodes, cell centers,
or grid points-to approximate nonlinear contributions. This
is achieved through two primary approaches: (1) interpola-
tion of nonlinear terms using empirical basis functions, as
in empirical interpolation method (EIM) [68, 69] (ECSW),

@ Springer

discrete EIM (DEIM) [70], or best points interpolation [71];
and (2) direct estimation of projected nonlinearities via
learned quadrature rules, including the energy-conserving
sampling and weighting method [31, 72—74], the empirical
cubature method (ECM) [75-78], and the linear program-
based empirical quadrature method (EQP) [79]. By focusing
computations on this reduced subset, hyper-reduction meth-
ods drastically lower computational costs while maintaining
accuracy, as demonstrated in this paper. Henceforth, we shall
refer to pROMs that implement hyper-reduction strategies
as Hyper-ROMs.

In addition to hyper-reduction, alternative methods
address nonlinearities through exact reduction for polyno-
mial forms [103], transformation of nonlinear systems into
quadratic-bilinear forms via auxiliary variables [104-107],
or nonlinear model reduction techniques that represent
solutions on manifolds rather than linear subspaces [80,
108—120]. These include quadratic manifolds for struc-
tural dynamics [121, 122], neural network-based manifold
approximation [123], and invariant manifolds for slow-fast
dynamical systems [117, 124—134]. Additionally, trajectory
piecewise linear (TPWL) techniques approximate nonlin-
ear dynamics by linearizing the system along precomputed
trajectories and combining these local linear models to
reconstruct the system’s behavior [135-139]. While these
approaches demonstrate efficacy, hyper-reduction remains
more broadly adopted across applications.

Over the past two decades, hyper-reduction techniques
have gained significant traction in the scientific community,
as illustrated by the increase in published papers on the
topic as seen in Fig. 1. The number of publications reached
its peak around 2021, while citations have continued to
grow steadily, highlighting the sustained impact and active
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Fig.2 Top 10 highly cited
papers on hyper-reduction (as of
2024, source: web of science)
[31, 67, 69, 70, 72, 80-84]
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engagement of researchers in the field [140-143]. Among
the most highly cited papers, methods such as (D)EIM and
the GNAT [80, 144, 145] stand out as pivotal contributions
(Fig. 2).

Hyper-ROMs find extensive application in domains such
as subsurface simulations [135, 137, 146—151], nuclear engi-
neering [152—-156], mechanical and aerospace engineering
[31, 55, 72, 157-162]. In particular, they are also capable
of playing a critical role in the development and deploy-
ment of digital twin technology [163-166]. Digital twins
[166, 167] serve as virtual counterparts to physical systems,
enabling real-time monitoring [168], analysis, and decision
making. These functionalities depend on rapid and precise
simulations, which can be provided by such Hyper-ROMs,
facilitating the prediction of system responses across vari-
ous scenarios.

Given the growing interest, developing an understanding
of hyper-reduction methods is becoming critical. Although
existing works offer brief overviews [169] or broader discus-
sions on data-driven surrogates [103, 170-172], dedicated
articles on hyper-reduction remain limited [173]. Further-
more, the principles and algorithms of hyper-reduction are
often deeply mathematical in nature, which presents a steep
learning curve for researchers new to the field. In this review,
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our aim is to bridge this gap by adopting a more intuitive
approach whenever possible.

The current state of software supporting hyper-reduction,
as illustrated in Fig. 3, highlights a clear distinction between
open-source and commercial platforms. Only open-source
tools, such as libROM [85], PyMOR [87], and MORLAB
[89], provide hyper-reduction capabilities (albeit limited),
which serve as important resources for academic research-
ers. However, reverse engineering these tools to understand
how the algorithm is implemented can be challenging due
to complex code structures and dependencies, making it dif-
ficult to trace the execution flow and extract key methodo-
logical insights.

Commercial platforms such as ANSYS [174, 175], Sie-
mens Simcenter ROMS [176], Altair HyperWorks [177],
etc., are yet to adopt these methods. Although these plat-
forms offer deep learning-based ROMs, they do not cur-
rently incorporate hyper-reduction techniques. This gap
arises mainly from the intrusive nature of hyper-reduction,
which requires substantial modifications to existing code
and data infrastructures. Although open-source software
can accommodate such changes, commercial tools prior-
itize broad applicability, making integration challenging
without major disruptions to computational pipelines. Nev-
ertheless, integrating hyper-reduction presents a significant
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Fig.3 Comparison of open-source and commercial software tools for
reduced-order modeling (ROM).? Open-source tools include libROM
[85], Kratos [86], PyMOR [87], RBniCS [88], and MORLAB [89].
These tools support ROM methods like projection-based Reduced
Order Model (pROM), Machine Learning-based ROM (ML-ROM)
[90, 91], Hyper-ROM (AP/PA), and Linear Time-Invariant ROM
(LTI-ROM) [92, 93]. Dark blue boxes indicate support for Hyper-

opportunity for commercial software to enhance compu-
tational efficiency, particularly in large-scale simulation
contexts.

To support researchers and improve accessibility, along
with this detailed review, we present a GitHub repository
[178] that includes an in-house finite element framework
with integrated hyper-reduction techniques. Intended as a
practical learning resource, the repository prioritizes inter-
pretability by focusing on simpler nonlinear problems and
offers easily adaptable code along with detailed instructions
for reproducing all data and figures from the study.

The paper is organized as follows: in Sect. 2, we present
a detailed overview of projection-based ROMs, focusing on
POD. In Sect. 3, we present a one-dimensional heat con-
duction problem as a representative case to illustrate model
reduction both without and with various hyper-reduction
techniques. We selected this problem for its conceptual clar-
ity and ease of understanding, while recognizing that hyper-
reduction methods have already been established as effective
in large-scale, complex settings. Our choice of this problem
facilitates a more tutorial-oriented demonstration. Finally,
in Sect. 4, we discuss different hyper-reduction methods,
including DEIM, S-OPT, Gauss Newton Approximation
Tensor (GNAT), ECSW, and ECM, comparing them using
the example problem. We briefly touch upon deep-learning-
based hyper-reduction using neural networks. The review
concludes with future directions and applications in various
engineering disciplines. This tutorial review emphasizes
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ROM, where (AP) denotes “Approximate-then-Project,” and (PA)
denotes “Project-then-Approximate” type hyper-reduction (discussed
in Section 4). Commercial tools include ANSYS Digital Twin Builder
[94, 95], Altair HyperWorks [96], Siemens Simcenter ROMS [97],
COMSOL Model Reduction [98-100], and Akselos RB-FEA [101,
102], which support various ROM methods. However, none of these
commercial tools support hyper-reduction. *List not exhaustive.

quantitative understanding in a manner suitable for back-
of-the-envelope calculations, with the aim of providing reus-
able insights.

2 Background and Preliminaries

Projection-based reduced-order modeling (ROM) problems
can generally be categorized into two main types [170].
The first category of problems deals with large-scale mod-
els formulated based on a system-theoretic approach. These
models are characterized by a large set of Ordinary Differ-
ential Equations (ODEs) or Differential-Algebraic Equations
(DAEs), e.g., linear-time-invariant (LTI) systems, where
the dynamics is represented using state variables. The state
variables evolve with time, being driven by external excita-
tion, and are partially captured at the output phase based
on the quantities of interest. The ROMs preserve the origi-
nal structure of these large-scale models and use a reduced
state while closely matching the input—output relation of
the actual system. Furthermore, the model reduction algo-
rithms used for these problems are not strictly data-driven,
but are often performed based on the characteristics of the
full-order model without relying upon simulation data. In
essence, these algorithms determine a reduced subspace
for projecting the full-order models which results in elimi-
nating the state variables that are poorly coupled with the
input-forcing and barely contribute to the observed outputs.
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Fig.4 Numerical solution of PDEs: Infinite
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Examples of such systems include Balanced truncation [38,
179], moment matching methods [40, 57, 180], etc. While
effective for large-scale linear systems (e.g., Linear Time
Invariant —LTI), their applicability to multi-input multi-
output nonlinear systems is limited.

The second category of problems centers on the accel-
erated numerical solution of Partial Differential Equations
(PDEs), which are inherently infinite-dimensional. As
depicted in Fig. 4, the numerical solution of PDEs typically
involves a three-stage process. First, the infinite-dimensional
domain is discretized into a finite-dimensional space. This
discretization may take the form of nodal values (finite ele-
ment method), point values (finite difference method), or cell
averages (finite volume method), among others, depending
on the chosen numerical method. To ensure sufficiently fidel-
ity, the dimensionality of this finite representation is often
chosen very large (e.g., using a fine spatial mesh), resulting
in a transformation of the PDEs into a high-dimensional
system of algebraic, differential, or differential-algebraic
equations. Next, standard numerical techniques are applied
to solve these equations, a process that is computationally
demanding due to the large dimensionality. Finally, once
a solution is obtained, it is mapped back from the finite-
dimensional space encoded space to the original infinite-
dimensional space using polynomial interpolation or Galer-
kin projections.

Reduced-order models simplify the computational bur-
den of these high-fidelity, large-scale systems by compress-
ing the finite-dimensional space into a much smaller latent
space. The large-scale equations are then projected onto this
latent space to formulate a reduced system. After solving
these reduced equations, the solution is first interpolated
back to the finite, high-dimensional space, and then further
mapped to the infinite-dimensional space, as in the standard
process described above. The latent space is derived directly
from the high-fidelity data of the large-scale system and is
typically represented by either a low-dimensional nonlinear
manifold or a low-dimensional linear subspace. This paper

Solve ODE, AE, DAE

focuses on the latter —linear subspace reduced order models
(LS-ROMs)- while providing a brief complementary dis-
cussion on nonlinear manifold reduced order models (NM-
ROM) towards the end.

The subspace for LS-ROMs is typically obtained by
applying proper orthogonal decomposition (POD) or sin-
gular value decomposition (SVD) onto a small volume of
the high-fidelity (training) data. POD hierarchically captures
the dominant correlations within the data using orthonor-
mal basis vectors, and thereby captures the few dominant
low-rank characteristics of the high-fidelity model itself. The
process of deriving a projection based LS-ROM is described
in detail in the following sections.

2.1 The High-Fidelity Model

Let us consider a parametric, time-dependent, semi-discrete
(discretized in space only), N-dimensional (V prohibitively
large) high-fidelity model defined over domain ,, which
is of the form [170]

MW (s p) + f(w(t:p):p) = gt ),
{w@m=wwx M

where ¢ is time; u is a parameter vector in bounded space
PCR’; M(up) € R¥N is the symmetric, positive definite
mass matrix; w(t;u) € RV is the time-dependent state solu-
tion vector; wl(x; H) is the initial condition; f(w, t;u) € RN
is the non-linear internal force vector; g(t;u) € RY is the
time-dependent external force vector.

As shown in Fig. 4, these high-fidelity models are
obtained from the governing partial differential equations
by employing techniques like finite difference/element/
volume methods. Constructing a projection-based reduced-
order model (ROM) for Eq. (1) involves three stages: (a)
generating a small dataset of high-fidelity training data by
solving Eq. (1), (b) determining a reduced subspace from
this data using a dimension reduction method like proper
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orthogonal decomposition (POD) [39], and (c) projecting
the high-fidelity model onto the reduced subspace to obtain
a ROM [57].

In the following two sections we discuss stages (b) and
(c) assuming that a small volume of high-fidelity training
data has been generated by solving Eq. (1). We present a
brief description of POD first followed by the derivation of
the ROM.

2.2 Proper Orthogonal Decomposition (POD)

Proper Orthogonal Decomposition (POD), also known as
Principal Component Analysis (PCA) or Karhunen-Logve
Decomposition (KLD), reduces dimensionality of data by
capturing dominant correlated patterns with minimal infor-
mation loss [39, 45]. The goal is to find a reduced set of
orthonormal basis functions that represent the dataset opti-
mally [181].

More formally, POD seeks an optimal basis U(x) by mini-
mizing the error in the time-averaged projection of a spatio-
temporal field w(x, £):

min_ (I, 1) = 00,0, UV ) @
Uel(Q)
subject to ||U(x)|| = 1, where || - || denotes the L? norm and

angle brackets ( - ) represent the time average over T, the
time-window of interest. This can be reformulated as a maxi-
mization problem [39], leading to the eigenvalue problem:

RU =AU, RU = {(w,U)w), 3)

where R is the two-point correlation tensor [171] (or covari-
ance operator when w is mean-centered) defined as

T
Rx,y) = %/ w(x, Hw(y, 1) dt . 4)
0

The eigenfunctions U are termed proper orthogonal modes
(POMs), which capture the dominant features in w. The
associated eigenvalues 4 quantify the variance explained by
each mode. POMs are ranked in order of decreasing eigen-
value magnitude.

The dimension of the reduced subspace, spanned by U, is
determined based on the cumulative variance captured. Let
k denote the number of leading POMs retained. The cumu-
lative variance fraction associated with the first k modes is
given by

k
— Zi=1 )”i
N
zi=1 ’11‘
where 4; is the eigenvalues corresponding to the U,. The

value of k is chosen as the smallest integer for which r,
exceeds a prescribed threshold a, typically close to 1; that

T

&)
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is, @ < r; < 1. The resulting reduced subspace dimension is
denoted by n, withn < N.

The reconstruction error after projecting onto the
n-dimensional subspace is given by [182]:

(6)

In practical applications, POD is commonly computed on
the discrete data snapshots. Assuming a spatial discretization
N, and temporal discretization N,, we define the snapshot
matrix, W € RV as:

W = [w1 -w wy, —w .. Wy, = w’ef] , (7

where typically w¢ € R" denotes the snapshot mean (and
columns of W are the mean-subtracted solution snapshots.
Additionally, in some cases, the initial condition also serves
as the reference. The covariance matrix R (the discrete ver-
sion of R) is then defined as:
R= LwwT

Nw (8)
which, similar to Eq. (3), leads to the matrix eigenvalue
problem:

RU = AU. ®

We note that, up to this point, our discussion of POD has
assumed that the data w is of spatiotemporal in nature,
which, however, is not necessary. Discrete POD can also be
applied in a purely parametric context, where the snapshot
matrix W is constructed using N, snapshots correspond-
ing to different parameter values rather than different time
instances.

Solving the eigenvalue problem in Eq. (9) directly is
computationally expensive for large N. To address this, the
method of snapshots was introduced [183]. This method
leverages the insight that each POM U can be expressed as
a linear combination of the snapshot vectors w;, and any
property of the ensemble w,, that is preserved under linear
combination is inherited by U. As a result, instead of Eq. (9),
we can solve a smaller eigenvalue problem of size N, X N,
and solve the reduced eigenvalue problem to calculate U in
the following manner:

LT
—W'Wq = Aq,
N q=41q

t

U=Wgq. (10)

On the other hand, it can be shown that POD of the snapshot
matrix W is closely related to its Singular Value Decomposi-
tion (SVD):

W=Uzv', (1)
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where U € RV and V € R contain orthonormal left
and right singular vectors, respectively, with QTQ =1Iyand
V'V = I, The diagonal matrix = € R"*™ contains non-
negative singular values o; in descending order. Substituting
(11) into (8) yields:

1 T T T
R=—=U>>'U =UAU,
FUEETUT = LAY (12)

t

where A = ]%ZZT. Eq. (12) shows that the POMs of W are
t

essentially the same as the left singular vectors of W, with
eigenvalues linked to squared singular values. The elements
of A satisfy:

2
o;

i _ yeop (13)
N, !
Hence, SVD is applied directly to W for reduced subspace
construction.

2.3 Reduced Order Model

The subspace for the ROM is spanned by a truncated set of
basis vectors contained in a matrix U € RV*":

U=U[:,1: n], (14)

where 7 is the number of vectors retained after truncation.
Then the solution of Eq. (1) is approximated as

wy () & Wy(tp) = i + Uwy(tp), (15)

where w, are the reduced coordinates of the basis vectors
inU. Formally Uis called the right reduced order basis or
right ROB (but these are also the left singular vectors of W).
Substituting Wy, in Eq. (1), we obtain the following residual:

Iy (W,i0) = My () UW, (1) + fy (W

- (16)
+ Uwy ()5 1) — gy (1) .

A direct solution to ry, = 0 s not possible since the system is
over-determinate (N equations but n unknowns). Typically,
we constrain the residual by enforcing it to be orthogonal
to a test subspace spanned by another set of basis vectors
W e RM", termed as the left reduced order basis or left
ROB, such that

wT [MN(y)ujw,, + Ey (W + Dw, ;) — gN] =0.  an

This yields a n-dimensional solvable system of equations.
Defining the reduced-order matrices and vectors as

M, (1) = W My (T, (18)

£,(wip) = Wiy (wy + Ow,;p0), (19)
_ T

gn =W gN’ (20)

and assuming that (WT@) is invertible, we write this descrip-
tive form of the Petrov-Galerkin reduced-order model as
Ref. [184]

M, (W, +£,(W,; 1) = g,
0. 1) = (W) 'WT (w0 (1) — W 20

wy(0, u) = ( ) (Wy() —wy').
The n—dimensional ROM in Eq. (21) is solved at a much
lower computational cost, and the approximate full order
solution is reconstructed using Eq. (15). Note that, Eq. (21)
can also be obtained using the more commonly employed
Galerkin Projection, in which W = Uand (WTU) =1 .

2.4 POD-Greedy-Galerkin Reduced Basis Method

The reduced basis method (RBM) is a more recently devel-
oped and widely accepted approach to building a projection
basis for ROMs in a parametric setting [68, 185—-187], which
optimally selects parameters from a given set to generate
high-fidelity solutions used in deriving ROMs, aiming at
low prediction errors throughout the parameter space. The
method iteratively constructs the reduced-order basis U
using high-fidelity solutions corresponding to parameters
iteratively selected using a greedy approach.

Initially, a parameter p, from the given parameter space
P is selected (by random sampling or a priori criteria). Next,
the corresponding high-fidelity solution snapshots, which
can be obtained in multiple time steps for time-dependent
problems or in a single instance for purely parametric cases.
These snapshots are stored in the matrix W € RV where
N, as before, corresponds to dimension of the HFM, and N,
denotes the number of snapshots.

After this, a reduced-order basis Uis derived from W and a
Galerkin ROM is built by projecting the HFM onto U. Itis used
to predict solutions for other parameter values within P. The
accuracy of these predictions is assessed via an a posteriori error
estimate, typically by computing the residual magnitude. For any
new parameter 4 € P, the ROM solution w,, is “lifted” to the
high-dimensional space (as defined in Eq. 15) and substituted
into the HFM equations to compute the residual ry (w,; 4). The
a posteriori error estimate, thus obtained quantifies the ROM’s
accuracy without requiring HFM re-solves.

Subsequently, the parameter u* associated with the high-
est a posteriori error across the remaining parameters in P
is identified:
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* .
W = argmax ey (w0l - (22)
Once u* is identified, the corresponding high-fidelity solu-
tion snapshots are computed and are stored in a data matrix
W,. € RNN: which is then used to update the reduced basis

U.

For updating U, the contribution of U is first removed
from W,,. to avoid redundancy, producing the matrix W:
W=W,.-UUW,.. (23)
SVD is then applied to W and the most dominant singular
vector (the first column), denoted as U s is appended to U
to update it as U« [[D, D”*].

This iterative procedure continues until the a posteriori
error estimate for all parameters falls below a specified tol-
erance. To further improve computational efficiency when
dealing with large parameter spaces, RBM is often used with
Affine decomposition (discussed in the next section), when-
ever possible.

The RBM algorithm for a steady-state purely parametric
system follows a slightly different approach. In each itera-
tion, the solution corresponding to u, is directly appended
to the existing set of basis vectors, and instead of using Sin-
gular Value Decomposition (SVD), a Gram-Schmidt ortho-
normalization is implemented to maintain orthonormality
after each update. A clear discussion of both algorithmic
variants can be found in Ref. [188].

Thus, the RBM offers a more systematic way to handle
parametric dependencies in PDEs and provides a posteriori
error bounds, unlike POD, which lacks inherent error esti-
mates for new parameters. Furthermore, the greedy param-
eter sampling strategy employed in RBM can sometimes
yield a smaller set of basis vectors (compared to a naive or
global POD basis) for the same accuracy while providing an
estimate of the quality of the reduced solutions.

3 Model Reduction for 1D Parametric Heat
Conduction

In this section, we discuss the model reduction of a 1D linear
and a 1D nonlinear heat conduction problem, characterized
by parametric elliptic PDEs, and demonstrate the efficacy of
projection-based reduced order modeling. While in Sect. 2,
reduced order modeling was introduced in a more general
spatio-temporal setting, the present discussion is restricted
to purely parametric problems. Nevertheless, the methods
employed in this and subsequent sections, as well as the
insights and conclusions drawn, remain relevant for systems
with temporal evolution.
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We briefly describe the finite element formulation of the
governing PDE to obtain the high-fidelity model, and sub-
sequently derive the corresponding reduced order model
following the steps delineated in the previous sections.
Although our discussion here centers on a finite element
model, as discussed earlier, any other numerical techniques,
such as a finite difference or finite volume method can be
employed as well [189].

The governing equation for steady state heat conduction
over a 1D domain Q £ [0, 0.5]is given by

-V.(kVT)=¢q in Q (24)
where k (W m~! K1) is the thermal conductivity, and g (W
m™') is the internal heat generation per unit length. These
can either be linear functions of the parameter vectors g and
B, (for k and ¢, respectively), or nonlinear functions of both
parameter vectors and the temperature field 7 (K). While
this section covers both cases—Ilinear and nonlinear k and
g—the following formulations assume k and g are nonlinear.
Equivalent formulations apply when k and ¢ are linear.
Furthermore, denoting g as the heat flux on the boundary,
the Neumann and Dirichlet boundary conditions for both

linear and nonlinear problems are defined as

gl =0W and T|_ys=573.15K. (25)

To obtain a finite element model, we begin by deriving the
weak form of Eq. (24) [26, 28]. This process requires defin-
ing the trial space ¢/ and the test space V. The trial space U
encompasses admissible temperature functions 7 that com-
ply with essential (Dirichlet) boundary conditions, while the
test space V includes test functions v that vanish on the Dir-
ichlet boundaries. The weak form is derived by multiplying
the governing PDE by a test function v € V and integrating
over the domain Q. Applying vector calculus identity along
with the Divergence theorem, we obtain

0
/k(T;y)VT-Vde—/ K(T; -nvdF:/ qodQ.
JQ . Q

(26)
The boundary term cancels out because of the zero-flux
boundary condition at x = 0 and Dirichlet boundary condi-
tion at x = 0.5.
We write the approximate solution of Eq. (26) T(x)el,
in terms of finite element basis functions also known as the
shape function as

T~ ) &b () + Y Tih (),

jeB ieT @7

where ¢, (x)eld are the standard 1D linear Lagrange
basis functions defined over Q, B and Z denote the sets of
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Dirichlet and interior nodes, respectively. The Dirichlet val-
ues g; are imposed directly at the boundary nodes (in this
case the node at x = 0.5). The unknown coefficients T; are
determined by solving the discrete variational problem over
the interior. We select the test functions v to be identical to
the interior basis functions ¢;,i € Z (Galerkin projection),
which yields a system of nonlinear algebraic equations (or
linear, if k and q are linear):

Ky(Ty: Ty = qy(Ty: ), (28)

where the unknown coefficient vector contains only the
interior degrees of freedom,

Ty = [T}, 29

and the global stiffness matrix and source vector are assem-
bled from element contributions,

Teell

Ky(Ty;u) = ) QUK (Q, Ty Q. (30)
e=1
Teell

av(Ty:B) = ) QI (Q,Ty:h), 31
e=1

where n_,, denotes the total number of cells or elements

cel
after meshing the domain Q; Q¢ represents the domain of

each cell; the matrix Q, e R%N is a Boolean assembly
matrix restricted to the interior nodes of element e with d,
denoting the local degrees of freedom (DOF) of the e'" cell.
Matrix Q, maps d, :to the global DOFs N across the entire
mesh (refer to Figs. 5 and 17 for visual representations); K°
e R%*4 denotes the elemental stiffness matrix, with its (i, j)
th component defined as

dE

K; = / X Tt | Ve, - Vs e, (32)
¢ s=1

where T, = g, ifs € B,and T, = T,if s € Z,, with B, and Z,

denoting the sets of boundary and interior nodes for element

e; the elemental source vector q° € R4, with

ky = u+ 16 +2150/(T — 73.15),

T, ) = { ky =y +30+2.09% 10727 — 1.45 x 10572 + 7.67 x 10773 .

K N
d & i
S s |
Q1
de .
> B K
4 |
Ko
Q;
—
Q2

Fig.5 Visual representation of the assembly of elemental stiff-
ness matrices for the finite element model of the running exam-
ple in Sect. 3. Local stiffness matrices K; and K,, corresponding to
individual finite elements, are first transformed into the global coor-
dinate system using their respective transformation matrices Q; and
Q,. These transformations expand the local matrices into the global
framework, mapping local degrees of freedom to the global degrees
of freedom. The global stiffness matrix K is then constructed by add-
ing these transformed matrices, summing contributions from over-
lapping degrees of freedom. Color-coded blocks highlight each local
matrix’s contribution to the global system

dﬂ
g = / gl Y T.g:p |¢¢ acx, (33)
Q¢ s=1

is computed using the same nodal values T,. For inte-
rior assembly, only components with i € Z, are retained, and
boundary contributions are subtracted:
ql? — qf - Kfjgj, iel,.

JeB,
The resulting entries are assembled into the global system
as in Eq. (28).

We then solve Eq. (28) for the coefficients T, and recon-
struct the approximate temperature distribution 7(x) . For
the linear example, we assume the parametric linear thermal
conductivity is given by

_f ky = pu+16, for
k(”)_{k2=ﬂ+3o, for

00<x<04

04<x<05, G4

whereas for the nonlinear problem, the nonlinear thermal
conductivity is defined as

00<x<04

35
04<x<05 (35)

Additionally, the parametric internal heat generation is
expressed as

@ Springer
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Fig.6 High Fidelity solution snapshots for the linear and the non-
linear system corresponding to 16 pairs of the thermal conductivity
and heat source values as defined in Egs. (34) to (36). a and ¢ corre-

q,(B) = B + 35000, linear, for 0.0 <x<04

q =14 q,(T,p)=p+35000 + 7T/10, nonlinear, for 0.0 <x <04
3>(f) = 108 + 5000 (both) for 0.4 <x<05.
(36)

Here both u and g are parameters. The functional forms of
q and k used here are somewhat ad hoc and were chosen
primarily for illustrative purposes.

We solve both the linear and the nonlinear problem for
32 pairs of (u, ), where u € (—4,4) and f € (—1000, 1000),
using our native finite element code library using 5000 1D
Lagrangian elements. Though this problem does not require
such fine mesh discretization, the mesh was intentionally
refined to emulate a large-scale problem.

For the linear system, both q, and K, for different
parameter values were derived using affine decomposition
(see Section A). Affine decomposition separates parameter
dependence from spatial and temporal parts of a problem.
As a result, one can precompute and store parameter-inde-
pendent components during an offline phase, whereas in the
online phase, evaluate only parameter-dependent functions.
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0.0

(d)

spond to the linear system, whereas b and d correspond to the nonlin-
ear system. Here the parameter pairs are selected based on the sobol
sequence [190], which explores the entire parameter space

This saves the computational effort of iteratively evaluating
qy and Ky, for different parameters.

For the linear problem, affine decomposition of q, and
Ky is written as:

2
Kn() = D kG TK) ogtine » (37a)
i=1

J

2
av(B) = )" gDy ofmine - (37b)
j=1

where k, (1), k,(1), q,(f), and g,(p) are purely parameter
dependent, as in Egs. (34) and (36), and are calculated dur-
ing the online phase; {K’IAv }offline and {q’N }offiine are calculated
offline assuming unit thermal conductivity and unit internal
heat generation, and by assembling the elemental contribu-
tions from all cells associated with respective properties k;
and g;. With Affine decomposition, the computational cost
of many-query computations involving numerous parameter
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Fig.7 Singular values and left singular vectors obtained from the
solution snapshots of the linear (left column) and nonlinear (right col-
umn) problems. a and b display the decay of the singular values, with

values is drastically reduced as the associated computational
effort grows linearly with the number of parameters.

For the nonlinear problem, however, an affine decomposi-
tion is not feasible because q, and K,, must be re-evaluated
for each parameter, that too iteratively while solving for T),
via Newton’s method. Consequently, solving the nonlinear
problem is considerably more expensive. While solving the
linear problem across 32 parameters requires approximately
32 s of CPU time, the nonlinear problem demands around
500 s. For both the linear and the nonlinear problems the
parameters were selected using the Sobol scheme [190] to
ensure comprehensive coverage of the parameter space as
shown in Fig. 6a and b. The corresponding solution snap-
shots for both problems are shown in Fig. 6¢ and d.

To obtain the reduced order models, POD was applied
on the 50% of the snapshots (treated as training data) and
the dominant POD basis vectors, that span the reduced
subspaces, were stored in U. The number of basis vectors
or the ROM dimension was selected by determining the

the dashed line indicating the chosen tolerance threshold, while ¢ and
d depict the corresponding singular vectors

minimum k, for which, 1 — r; (Eq. 5), which indicates the
fraction of the uncaptured data-variance for a k dimensional
subspace, was below a tolerance ¢ = 107!, which yielded
a three dimensional linear ROM (n = 3) and a five dimen-
sional nonlinear ROM (n = 5) as shown in Fig. 7a and b.
The corresponding modes selected are visualized in Fig. 7¢
and d. We note that, in this case, the reduced basis method
(Sect. 2.4) could also be implemented for constructing U.

We express the approximate full order solution of Eq.
(28) as

Ty =T, +UT,, (38)

where T, denotes the reduced order solution and TN (equiva-
lent to w'¢ in Eq. (7)) represents the mean of the different tem-
perature snapshots used for POD. Then, following Sect. 2.3,
and assuming Galerkin projection, Eq. (28) is reduced to

K,T,=q, - UKyTy, (39)
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Fig.8 Difference in accuracy (e;) and speed-up (r,) between projec-
tion based linear and nonlinear ROMs

where
uT . i
a, = { g e (402)
U qy(Ty;P), nonlinear
_ @TKN(E)G’ N linear (40b)
" UTKy(Ty;4)U, nonlinear

For the linear problem, due to affine decomposition, the
computation of K, (¢) and q,,(f) is simple and fast since one
can write:

2

Ko(1) = Y k(iU {K b ogpine U (41a)
i=1
2 ~

0,0 = ) BV {q} oftine - (41b)

J=1

The performance of the derived ROM was then tested using
the remaining 50% of the test parameters and the correspond-
ing snapshots.

As a measure of the ROM performance, we define the
associated percentage relative error (e;) and speed-up factor

(r,) as follows:

Iy (i, B — Tyt Bl

er = 100 X s (42a)
4 1Ty (s Bl
where as before || - || indicates the L, norm; (u, §), denotes
the kth parameter pair, and
_ lyry
I'y= "> (42b)
TRom

where typ,, and tg),, indicate the corresponding CPU-time
required by the high-fidelity model and the reduced order
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model, respectively. With n = 3, for the test parameters,
the linear ROM demonstrates high accuracy with mean
er ~ 10710 and significant speed-up with mean r, ~ 40, as
shown using the box plots in Fig. 8a and b.

For the nonlinear ROM, although the accuracy was quite
reasonable, it was lower than in the linear case (e; = 10~
compared to 107'%) (Although not shown, increasing n was
found to lower e;). More critically, the speed-up factor
was substantially reduced: 4x compared to 40X in the lin-
ear case. The primary reason for this reduced speed-up is
evident from Eq. (40b), which indicates that the evaluation
of the reduced stiffness matrix during the Newton iteration
involves iterative evaluation of Ky and its projection onto
the reduced subspace. And for every evaluation, K, requires

the full-order solution 'T‘N, which is derived from T, follow-
ing Eq. (38). Consequently, for nonlinear problems, regular
projection-based reduced order models experience a signifi-
cant decline in efficiency.

4 Hyper-Reduction Techniques

As discussed in the previous section, the efficiency of the
projection-based ROMs is hindered by the need to iteratively
map the reduced solutions back to the full-dimensional state
to compute the solution-dependent non-linearities of the sys-
tem and then again project them back to the reduced space.
In this section, we review the idea of hyper-reduction in
detail, which offers efficient strategies to fast-compute the
nonlinearities of a model with sufficient accuracy.

In general, nonlinearities can either be inherently poly-
nomials, reducible to a polynomial form [104], or non-
polynomial in nature. Consider the following example of
polynomial nonlinearity written in Kronecker product form:

fy = Kywy +By(wy @ wy) + Cy(wy @ wy @ wy) + ...
(43)

where K, € RV, B, € RV and C, € R™ are the
coefficient tensors for the linear, quadratic, and cubic terms,
respectively, and ® denotes the Kronecker product [191].

For an n-dimensional column vector
Wy = [wy, Wy, ..., w,]T, the outer product wy, ® w is defined
as:

— 2 2 2 N?
Wy @ Wy = [Wl, WiWys oo s W W,u WoW, Wh, o W W, W ] ERY L (44)

The projection of f onto the reduced basis space U can
then be expressed exactly as Refs. [103, 106]:

UTty =f, =K,W, +B,(W,®W,) +C,(W,®W, ®@W,)+...  (45)
where wy = @Wn, and the reduced matrices are defined as:

K,=UTKU, B,=U"BUoU),

c,=UcloUob),
(46)
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Fig.9 Hyper-reduction algorithms are broadly grouped into two cat-
egories: Approximate Then Project (AP) and Project Then Approxi-
mate (PA). The AP category uses sparse measurements taken directly
from the full-order nonlinear terms and interpolates these with
empirical basis functions to approximate the projected nonlinearity.
In contrast, the PA category first projects the nonlinear terms onto a
reduced-order basis, followed by sparse sampling of mesh elements
to approximate the sum of the projected elemental contributions.
Examples of hyper-reduction algorithms include the Empirical Inter-

and so on for higher-order terms. The symbol © denotes the
Khatri-Rao product (column-wise Kronecker product) of
two matrices [191]. ForamatrixU = [U; U, ... U,] € RNxn,

U,®U, 1RV,
(47)

These reduced matrices K, B,,, and C, can be precomputed,
thereby eliminating the need to access the full order solution.
However, in cases where reduction to such a polynomial
form is not possible or preferred, and iterative access to full
order solution is the only viable option to evaluate the non-
linear term, hyper-reduction is adopted. Hyper-reduction
focuses on scaling the computation with the size of the
reduced coordinate vector n rather than N, the size of the
high-fidelity model (HFM). This is achieved through sparse
probing of the nonlinear terms across the computational
domain, rather than calculating them at every nodal point.
This approach is characterized by the use of a reduced/sam-
pled mesh, where contributions from a significant portion
of the mesh elements are omitted and accounted for through
approximation. These methods introduce an additional
layer of reduction on top of the projection-based reduction

UoU=[U,®U, U,®U,

polation Method (EIM) [69], Missing Point Estimation (MPE) [192],
Best Point Interpolation (BPI) [71], Discrete Empirical Interpolation
Method (DEIM) [70], Gauss-Newton Approximation Tensor (GNAT)
[51], S-optimality-based point selection (S-OPT) [194], Energy Con-
serving Sampling and Weighing (ECSW) [31], Empirical Cubature
Method (ECM) [159], and Empirical Quadrature Procedure (EQP)
[197]. Among these, the current paper explicitly focuses on DEIM,
GNAT, S-OPT, ECSW, and ECM, highlighted using darker back-
ground boxes

while maintaining the accuracy of the reduced-order model
(Fig. 9).!

Hyper-reduction algorithms are classified into two major
categories: approximate-after-project and project-after-
approximate [55]. These names indicate the sequence of oper-
ations to handle nonlinearities. In the approximate-after-pro-
ject category, nonlinearities are first approximated within the
full-dimensional space and then projected onto the reduced
subspace. Conversely, in the project-after-approximate cate-
gory, this sequence is reversed. In Fig. 10, we show the differ-
ent hyper-reduction algorithm widely used in each category.

The approximate-then-project methods originated with
the gappy proper orthogonal decomposition (POD) method
[198], initially developed for reconstructing images from
limited pixel data. These methods approximate nonlinear
terms by interpolating values at selected nodes within the
computational mesh using a few empirical basis func-
tions, then exactly projecting these approximations onto
the reduced subspace in ROM formulation. Various tech-
niques (refer to Fig. 10), including the empirical interpola-
tion method (EIM) [68, 69], discrete empirical interpola-
tion method (DEIM) [70], best-points interpolation [71],

! List not exhaustive.

@ Springer



S.Bhattacharyya et al.

An ’empirical inter-
polation” method:
application to efficient
reduced-basis dis-
cretization of partial
differential equations
(Barrault et al, 2004)

A priori hyperre-
duction method:
an adaptive
approach (Rycke-
lynck et al, 2005)

Missing point esti-
mation in models
described by proper
orthogonal decomposi-
tion (Astrid et al, 2008)

A ’best points’
interpolation
method for

_ efficient ap-

___-- proximation of

i ~ - T parametrized
! P T T functions
P P o o--" (Nguyen et al,
2008)
2004 2007 2010 2014 2016 2019 2022 2024
Discrete empirical in-
terpolation for nonlin- .- e ) o [ (] (] . [ °
ear model reduction -~~~ LT /! ! i | | N \
(Chaturantabut et al, Jrtanl , ! | ! | \ \
2010) PPt / ! . A new selection | N \\
P ! ’/ \ operator for | | |
Efficient nonlinear / ! “‘ the discrete 3 Stability of dis- S-OPT: A Points
model reduction via ! h . empirical ' crete empirical Selection Algo-
a least-squares Petrov- A Generalized @ interpolation | interpolation and  rithm for Hyper-
Galerkin projection v Empirical Inter- ‘w‘ method-improved 3 gappy proper or- Reduction in
and compressive ten- K polation Method: a priori error ! thogonal decom- Reduced Order
sor approximations The GNAT Application of (Drmac et ) position with Models (Lau-
(Carlberg et al, 2011)" method for non- Reduced Basis al, 2016) | randomized and

Discrete empiri-
cal interpolation
method for finite
element struc-
tural dynamics
(Tiso et al, 2013)

linear model
reduction: ef-
fective imple-
mentation and
application to
computational
fluid dynamics
and turbulent

Techniques to

Data Assimi-

lation (Maday
et al, 2013)

Localized dis-
crete empirical

An algorithmic
' comparison
' of the hyper-
| reduction and
the discrete

empirical inter-

flows (Carlberg
et al, 2013)

interpolation polation method
method (Pe- for a nonlinear
hersdorfer thermal Prob-
et al, 2014) lem (Fritzen

deterministic
sampling Points
(Peherstor-

fer et al, 2020)

zon et al, 2024)

et al, 2018)

Fig. 10 Timeline of seminal papers* on approximate-then-project hyper-reduction algorithms [51, 67, 69-71, 80, 82, 83, 157, 192-196] (*list

not exhaustive)

missing-point estimation, and collocation methods [192,
199], achieve this by selectively evaluating nonlinear terms
at a few grid points. This selective evaluation effectively
yields a reduced or sampled mesh significantly enhancing
computational efficiency.
Project-then-approximate methods, on the other hand,
estimate the reduced-order vectors and matrices result-
ing from projecting the nonlinearities of the high-fidelity
model (HFM) onto the latent space. These methods also
generate a reduced mesh by selecting a subset of elements
or entities from the full computational mesh with an aim
to closely approximate the true projections. These meth-
ods aim for more accurate and robust pPROM approxima-
tions compared to the approximate-then-project approach.
They can be viewed as generalized quadrature rules,
where quadrature points and weights are learned, leading
to effective mesh sampling [200]. Examples include the
energy-conserving sampling and weighting method [31,
72-74], the empirical cubature method (ECM) [75-78],
and the linear program-based empirical quadrature method

(EQP) [79].
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In the remainder of this section, we review several of
these algorithms along with their implementation details.
Within the category of approximate-then-project methods,
we examine the Discrete Empirical Interpolation Method
(DEIM) and several DEIM-inspired algorithms. For project-
then-approximate methods, we discuss the Energy Con-

serving Sampling and Weighing (ECSW) method and the
Empirical Cubature Method (ECM).

4.1 Approximate-Then-Project Hyper-Reduction
Strategies

We begin by briefly introducing gappy-POD [198], which
was seminal in putting forward the idea behind the approx-
imate-then-project hyper-reduction, and subsequently move
onto describing the different hyper-reduction algorithms.
In Fig. 9 we present a brief timeline of the seminal papers

on the approximate-then-project (AP) hyper-reduction
algorithms.
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Fig. 11 Reconstruction of marred images using Gappy-POD (Adapted
with permission from Ref. [198] ©Optical Society of America)

4.1.1 Gappy-Proper Orthogonal
Decomposition(Gappy-Proper)

¢ Objective: Reconstruct facial images using sparsely
distributed pixels.

e Build a database containing complete images of various
faces.

e Apply POD on the face database to construct an
“eigenfaces” database.

e Approximately reconstruct a new face using the eigen-
faces and partially available pixels of an out-of-sample
image.

The Gappy proper orthogonal decomposition (POD) method
was developed in the context of facial image reconstruction
from sparsely sampled pixels, given an existing large data-
base of grayscale images of different human faces [183].

In the first step, proper orthogonal decomposition (POD)
is applied to the entire facial image database to identify and

express the most dominant facial features in the form of the
proper orthogonal modes (POMs), which are termed as the
eigenfaces. The subset of the most dominant eigenfaces are
then utilized to approximate an image from a finite number
of sampled pixels. Figure 11a shows an example of a marred
facial image with sparsely distributed pixels. As discussed
below, Gappy POD essentially reconstructed a complete image
from these sparse pixels by interpolating with the eigenfaces.

Let a complete image be expressed as a 1D vector
wy € RV, which contains the grayscale values at different
pixel locations (obtained by reshaping the 2D image-matrix
into 1D). We define a sampling matrix Z € R"*", which
samples a complete image at sparse locations to produce
images as in Fig. 11a (sparse pixels on black background).
More formally, ZT projects the vector representation of a
complete image, wy, onto an r-dimensional space, produc-
ing w,, which represents the marred image:

w,=ZTwy. (48)

As an example, Z may take the following form:

100
0 i

Z=[ 0.1l (49)
0100

which has r columns, with each column consisting of zeros
except for a single element that is set to one, representing
the specific pixel location being sampled.

For reconstruction, the image is expressed as the linear
combination of the eigenfaces. We write this as

Wy =Uw,, (50)

where vector Wy, represents the reconstructed image, matrix
@f € RN contains the first n dominant eigenfaces reshaped
into 1D vector of length N, and w,, € R™!is a vector con-
taining the coefficients of f/f. It is enforced that the pixels of
the marred image w, match closely with the pixels of W), at
the sampled location such that w, minimizes the following
reconstruction error:

— 1 — T~
W, = argmin lw, —Z Uw,ll, (51)

n

where || - || denotes the L, norm.
The normal equation [201] for this optimization problem
is given by

~\T ~
w,=(Z'0,) w, =22 Tyw,, (52)

where ' denotes the pseudo-inverse [202] and
Q= (@;ZZT@) Subsequently, the complete image is

reconstructed using Eq. (50). Figure 11b shows the image
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reconstructed from the pixels in Fig. 11a using 50 of eigen-
faces. The reconstructed images look reasonably close to the
true image shown in Fig. 11c. Figure 11d on the other hand,
represents the direct projection (with all pixels) of the face
onto 50 eigenfaces, which looks identical to Fig. 11c.

Remark 1 Note that the columns of Z7 @f contain the row-

wise sampled columns of [L~,If Unlike the columns of @f,
which are the basis vectors, these sampled columns are not
orthonormal, and hence, Q is not an identity matrix. How-
ever, as the sampling space becomes denser, then Q — I .
As a matter of fact, the efficacy of gappy-POD depends
upon the condition number of Q. If the image sampling is
such that resulting Q has a large condition number, which
indicates Q is close to being singular and non-invertible,
the reconstructed image may deviate significantly from the
original image. Further details on how sampling affects the
condition number can be found in [171]. However, with a
proper sampling matrix Z, which yields lower (preferably,
close to unity) condition number for €, it may be possible to
achieve reasonably accurate reconstruction of an image from
a limited number of pixels. This core idea is leveraged in
the AP hyper-reduction algorithms, as we will discuss next.

4.1.2 Discrete Empirical Interpolation Method (DEIM)

e Objective: Determine interpolation points on the
computational domain associated with a High-Fidelity
Model (HFM) to approximate a nonlinear term and
reduce computational complexity.

e Gather snapshots of system state variables over time
or training parameters and apply POD to construct a
reduced basis for the HFM.

e Collect snapshots of the nonlinear term separately and
apply POD to construct a reduced basis specific to the
nonlinear term.

¢ Select interpolation points that retains maximize infor-
mation of the nonlinear term using the POD basis from
its snapshots.

e Approximate the nonlinear term in the ROM by evalu-
ating it at selected points and reconstructing it with the
reduced basis, bypassing full-order complexity.
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The Discrete Empirical Interpolation Method (DEIM), intro-
duced in [70], was developed to efficiently compute the pro-
jected nonlinearity, such as f, in Eq. (21), by approximating
the full-order nonlinear term, such as fy, in Eq. (1), via a low-
dimensional representation constructed from a set of reduced
basis vectors and carefully chosen sampling locations. The
approach is very similar to Gappy POD. However, unlike
Gappy POD, which reconstructs full images from a given
incomplete image data, DEIM selects specific components
(sampling/interpolation points) of the nonlinear force vector
according to a sampling strategy.

Given a parametric nonlinear vector
fy : QX Ppgm — R, where Q is the spatial domain and
P 18 the parameter space, DEIM approximates fy using
a given set of basis vectors @f € RN (derivation discussed
later) and the values of fy at specific sampling points. The
approximation, denoted by TN, is expressed as

~ ~ ~\T
fowaiw) = U (Z70)) ZTH w0 = Mofw,im) . (53)

where the sampling matrix Z € R contains the sampling
locations, and M/, defined as

~ ~\T
M, =0,(2'0,) 27 (54)

is an oblique projection matrix (see Sect. A). Note that
Eq. 53 follows directly from Egs. (52) and (50).

This approximation is subsequently used to calculate the
projected nonlinearity f, for Eq. (21):
£ =0UT1,. (55)
where U contains the reduced basis vectors derived from the
solution snapshots (Eq. 14).
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Algorithm 1 Discrete empirical interpolation method: offline phase [68, 70]

1: function [Q, 7, Z] = DEIM_OFFLINE(F, tol)

2: [Ul , - 7
vectors based on tolerance tol

.., U%] = POD(F,tol) // Perform POD on force snapshots F, obtaining r basis

3: i = argmax;—1__ N |U}|i // Select the index of the maximum absolute entry in the first

POD basis vector

4: Q=UL, J = {i1} // Initialize basis matrix Q and index set 7 with the first POD basis

vector and index

5. Z = [e;,] // Initialize sampling matrix Z with the standard basis vector corresponding

tOil
6: form =2:rdo

Compute q = Q(ZTQ)JFZTU;? // Project the current POD basis vector U} onto the
span of accumulated basis vectors in Q, using Z for row selection
r=Uf—q // Calculate the residual between U¥ and its projection

9: i, = argmax;e s |t|; // Select index of the maximum absolute entry in the residual

that isnotin J

10: Q<+ [Q U;?], J < J U{in} // Update basis matrix Q and index set J with the new

POD basis vector and index

11:  Z < [Ze;,| // Append the standard basis vector for iy, to Z, updating the sampling

matrix
12: end for
13: end function

4.1.3 DEIM Approximation Framework

The basis vectors in @f € R are obtained by directly
applying SVD to the snapshot matrix consisting of snapshots
of fN(w”q; yq) , which we will refer to as DEIM-snapshots,

for each p, € Ppppy:
F= [y By, )| ~ TV (s6)

The left singular vectors corresponding to the first » largest
singular values form the columns of U,.

The error associated with the approximation in Eq. (53)
is bounded as Ref. [70]:

Ity =Tl < 1(275 ) - GO0 57)

where ||fy —lel denotes the L, norm of the approximation

~\T
error. The term || (ZT[Uf> || reflects the sensitivity to the

selected sampling points. As discussed in Sect. 4.1.1, a large
value of this term indicates a poor condition number of
z" @f, which in turn indicates that the sampling points may
not be optimal for reconstructing the nonlinear term (note,
by optimal here we actually mean quasi-optimal since true

optimality cannot be achieved in general due to dependence
on fy) [70, 82]. Finally, the term ||(I — [Df[D_;)fN” denotes the
projection error, which quantifies the residual portion of fy
not captured by the span of reduced basis @f.

In DEIM, the approximation error is reduced by reducing

~\T
I (zT[Uf) || on the right-hand side by maximizing its small-

est singular value o, (ZT @), which in turn minimizes the

condition number x = amax<ZT@f>/amm<ZT@f) ensuring

that (ZT @) is invertible. The DEIM algorithm as described
in Algorithm 1 achieves this via an appropriate construction
of the sampling matrix Z.

This greedy Algorithm 1 selects sampling points by itera-
tively searching for the index where the residual r (step 8) is
maximum, thereby limiting the step-wise growth of

~\T
||<ZT[Uf) || and minimizing «, ensuring invertibility. In
essence, this process results in the selection of r independent
rows of Uy.

Remark 2 DEIM reduces complexity of calculating f from

O(N) to O(r), enabling efficient handling of large-scale
problems.
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Fig. 12 The snapshots of the
source function corresponding 34 10 —4
to various parameter values
used for DEIM are shown in
(a).Inb the.decay of singular = 21 10—8 _
values, obtained by apply- e
ing SVD on the snapshots, is =
illustrated. This decay informs 14 — 10 S 2 B
the selection of the number of —
singular vectors, r, to use in the 0- —
DEIM algorithm. Here, r = 4
was selected w w w 3 6 g 1‘2 1‘5
0.0 0.2 0.4
T POD modes (r)
(a) (b)
=
1.0 ' Zoomed-in view ! ! 1 ~3.04 2.0
T . L ]
0.5
0 1 $ 154
0.0+ : . . . s S 454 <
0 1000 2000 3000 4000 5000 @ &
Mesh elements — —
1.0
Fig. 13 The reduced mesh obtained using DEIM. Excluded elements
lie on the blue line. As shown in the inset, for each DEIM point, all —6.01
associated elements (in this case, two per point) are selected. The =

resulting reduced mesh in this case comprises only 8 elements, which
constitutes 0.16% of the total 5000 elements in the original high-
fidelity model

Remark 3 Computation of f using Eq. (53) for any
U € Ppemv during the online phase is accelerated by the
offline computation of M, in Eq. (54), sometimes referred
to as the DEIM-matrix.

Remark 4 By selecting Z that maximizes o, (ZTUjf>, the

DEIM algorithm achieves E-optimality [194, 203], reducing
the maximum approximation error defined in Eq. (57).

Remark 5 Discrete Empirical Interpolation Method
(DEIM) is a discrete adaptation of its predecessor Empiri-
cal Interpolation Method (EIM) [69], as outlined in
Sect. B. EIM focuses on interpolating nonlinear functions
by simultaneously constructing empirical basis functions
and determining sampling nodes in an iterative manner
for a quasi-optimal representation of the nonlinear func-
tion. In contrast, DEIM decouples these steps in a discrete
framework by first applying Singular Value Decomposition
(SVD) to the DEIM snapshots to generate basis functions,
and then selecting the indices.

@ Springer

ROM Hyper-ROM ROM  Hyper-ROM
@ ®)

Fig. 14 Difference in accuracy (e;) and speed-up (r,) between the
regular projection based ROM and DEIM-based Hyper-ROM

4.1.4 Implementation on the Running Example Problem

Consider the nonlinear heat conduction problem in Sect. 3.
We use the same training and test datasets each containing
16 parameter pairs, (i, ), fork =1, ..., 16, to formulate and
evaluate DEIM-based hyper-reduced order models (hyper-
ROMs). The POD basis matrix, @, in this case is constructed
using four basis vectors.

To implement Algorithm 1 during the offline phase, we
started by gathering snapshots of the source term q,, for the
16 parameter pairs. Given this is a steady-state heat conduc-
tion problem, selecting either the source term or the prod-
uct of the stiffness matrix K, with the temperature solution
yields the same DEIM snapshots. Figure 12a visualizes the
snapshots of the source term for different parameter values,
while Fig. 12b shows the singular value decay of the DEIM
snapshots, which informs the selection of the reduced basis
size r for constructing U, € RN We selected r = 4 (though
Fig. 12 bsuggests r = 3 would also suffice), which results in
4 DEIM points. This led to a section of eight elements out
of a total of 5000, as each node in the 1D mesh (excluding
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Fig. 15 Unsassembled DEIM
requires less elements to be

sampled than the traditional / \

DEIM algorithm for Finite Ele- P ( ) T
ment problems. (Adapted from /

Ref. [157])

Nodes identified through DEIM

‘9

| N I

?*

Assembled

Mesh

boundaries) is shared by two elements. This is shown in
Fig. 13. The DEIM sampling algorithm then generated the
DEIM matrix M, as in Eq. (54), facilitating efficient evalu-
ations of both the right-hand and left-hand sides of Eq. (28).
The dimension of the reduced solution subspace n was also
chosen to be 4 (See Remark 6 for the rationale).

In Fig. 14, we compare the computational speed-up
(Eq. 42b) and the relative percentage error (Eq. 42a)
between the hyper-ROM and the conventional projection-
based ROM. As shown in Fig. 14a, the hyper-ROM achieves
a relative error of 0.001%, which, although slightly higher
than that of the regular ROM, is accompanied by a sub-
stantial computational speed-up-nearly 30 times that of the
regular ROM.

Remark 6 In DEIM-based hyper-reduction, instability often
results from selecting an inconsistent number of modes
for DEIM (r) and solution snapshots (n), leading to non-
invertible projected quantities. To maintain stability in the
reduced-order model, it is recommended that the number of
solution modes should not exceed the number of singular
vectors obtained from the DEIM snapshots, i.e. n < r. This
rationale informed our choice to set 7 = n = 4 in our exam-
ple problem. We observed that increasing n further leads to
instability. Moreover, singular values associated with the
DEIM snapshots for » > 4 are so small that the correspond-
ing singular vectors are essentially noise and also leads to
instability.

Remark 7 If the DEIM snapshots exhibit limited variabil-
ity, the number of singular vectors available for selection
will be small, constraining the reduced dimension and,
consequently, the accuracy of the hyper-reduced model.
To achieve a stable and accurate ROM, it is essential to
ensure adequate variation in the DEIM snapshots, allowing

Unassembled
Mesh

for a larger set of singular vectors and a robust reduced
representation.

4.1.5 Variants of the DEIM Algorithm

Over time, several (D)EIM-inspired alogorithms have been
developed [204-210] to address specific challenges and
improve performance. Notable among these are Q-DEIM,
Localized DEIM (LDEIM), Unassembled DEIM (U-DEIM),
and S-OPT.

Q-DEIM The Q-DEIM (QR-based Discrete Empirical
Interpolation Method) [82] improves upon the traditional
DEIM algorithm by using QR decomposition with column
pivoting to select interpolation points. A key numerical lin-
ear algebra question motivating Q-DEIM is whether one can
construct an sampling matrix Z that ensures the condition
number of the DEIM projection remains moderate, regard-
less of the chosen orthonormal basis @f. Traditional DEIM
is sensitive to the specific basis of singular vectors, espe-
cially when singular values are closely clustered or repeated,
which can lead to instability and variable interpolation qual-
ity. Q-DEIM addresses this issue by determining interpo-
lation points independently of any specific orthonormal
basis through QR factorization with column pivoting. This
approach provides a priori assurance of a moderate condi-
tion number for the DEIM projection, enhancing numerical
stability and reducing errors. As a result, Q-DEIM offers a
robust and efficient method for constructing the interpola-
tion matrix S, making it particularly suitable for applications
like sensor placement in sparse interpolation contexts where
reliable interpolation point selection is crucial.

LDEIM Localized DEIM (LDEIM), enhances the DEIM
approach by employing multiple local subspaces instead of
a single global subspace for approximating the nonlinear
term [83]. This method is particularly advantageous in
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problems where the nonlinear term varies greatly over dif-
ferent regions. LDEIM accomplishes this by using machine
learning-based clustering algorithms to discover the regions
that should form each local subspace. During the online
phase, classification-based machine learning methods are
then used to adaptively select the appropriate local subspace
for the DEIM approximation. While the additional computa-
tional overhead of LDEIM may not be justified for problems
where the nonlinear term behaves relatively uniformly, it has
been demonstrated to provide substantial benefits in cases
with large variation in the nonlinear term. In such scenarios,
LDEIM can achieve speedups of up to two orders of magni-
tude compared to traditional DEIM algorithms.

U-DEIM Unassembled DEIM (U-DEIM) improves the
applicability of DEIM to simulations using the Finite Ele-
ment Method (FEM) [157]. It can be difficult to efficiently
apply DEIM to FEM simulations because nodes in FEM can
be shared by multiple elements (as was seen for the running
example as well). If a node is selected with the typical DEIM
algorithm, it will require the contributions of all adjacent
elements to be calculated. This greatly increases the num-
ber of elements required, which decreases the efficiency of
DEIM. U-DEIM solves this problem by applying the DEIM
approximation to the unassembled form of the FEM sys-
tem. This means only the contributions from one element
are required to calculate the DEIM approximation.

The difference between the assembled and unassembled
DEIM is illustrated in Fig. 15, where there is a significant
decrease in the number of elements included in the U-DEIM
case. After the DEIM approximation is calculated, the force
matrix can be assembled in the same way it is done in typical
FEM. U-DEIM is more efficient to calculate for FEM prob-
lems than the traditional DEIM method. However, U-DEIM
comes with a trade-off: the system matrix assembled with
U-DEIM is not symmetric, which leads to instability in the
solution of the nonlinear system. There are strategies to miti-
gate this instability, but they do not completely eliminate it.

S-OPT S-OPT, or S-optimality method was originally
introduced by Shin and Xiu to obtain quasi-optimal sample
set for ordinary least squares regression, providing regres-
sion results comparable to those obtained from substantially
larger candidate sets [211]. Its application to hyper-reduction
was later explored in Ref. [194].

Similar to DEIM, S-OPT aims to construct a sampling
matrix Z, which reduces the function approximation error

~\T
described in Eq. (57) by reducing || (ZT[Uf) [I.
Recalling Eq. (52), we write:

~\T ~
(2'5)) =2, (58)

@ Springer

where @ = (72Z70;). As discussed in Sect. 4.1.1, the

magnitude of the pseudo-inverse in Eq. (58) decreases when
(a) the determinant of Q is large in mangitude, which will

ensure its invertibility and (b) the columns of (ZT[TJf> are

orthogonal.
The S-OPT achieves both objectives simultaneously by
constructing a Z that maximizes a scalar function . of

(ZT @f ), defined as

| det (PTP)] 59)
Pp=[—w0n«| ,
7 I, [IPL:, 4|l

where P = ZTQf, and Q; is obtained from the QR decom-
postion of @f = QfR. Here P[ :, i] denotes the ith column of
P. The maximization problem is written as

Z% opp = argmax AZ'Q). (60)

ZERNX"

The S-OPT algorithm, detailed in Algorithm 3 yields a
quasi-optimal solution to this maximization problem.

Using Hadamard’s inequality [212], it can be shown that
€ [0, 1]. The inequality states that for any symmetric
matrix M € R”P

P
| detM)]| < [ ] My, ©1)
i=1

where M;; denotes the ith diagonal entry of M and det(M)
denotes its determinant. The equality holding only when the
columns of M are orthogonal. For ., we substitute M = PTP.

4.1.6 Gauss-Newton with Approximated Tensors (GNAT)

¢ Objective: Reduce the computational complexity of
minimizing residual errors when numerically solving
areduced nonlinear spatio-temporal PDE at each time
step.

¢ In a Galerkin setting, residual originating from a trial
reduced solution is rendered orthogonal to the subspace
containing the reduced PDE solution. This orthogonal-
ity condition gives rise to ordinary differential equations
(ODEs), which are subsequently solved using the method
of lines (time is treated as a continuous variable).

e Alternatively, in a time-discrete setting, the residual
may also be minimized in an L, sense at each time step,
effectively resulting in a Petrov-Galerkin projection of
the residual.
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e This nonlinear minimization problem requires iterative
evaluation of the residual and its Jacobian at every time
step when solved using Gauss-Newton method.

e GNAT, like DEIM, constructs a sampling matrix that
selectively samples the residual and its Jacobian. These
sampled values are then used to approximate the resid-
ual and Jacobian via interpolation, thereby facilitating
more efficient computation.

As outlined in Sect. 2.3, when reducing Eq. (1) through the
Galerkin approach, the residual due to the approximation
Wy = wlr\jf + @wn is enforced to be orthogonal to U. This
leads to a reduced set of ODEs, which are then solved for w,,
as shown in Eq. (16). However, It can be shown that Galer-
kin projection essentially yields a w, (not w,,) that minimizes
the L, norm of ry over ¢ [123].

Alternatively, in a discrete time setting, implicit or
explicit, w, can also be determined by minimizing the L,
norm of the residual at each time step. For example, the
residual associated with Eq. (1), when solved using the
Backward-Euler integration scheme, takes the following
form:

i =My (U (W — wh) + ArfS (we!

[ k+1
+ 0w ) — Arghtt,

(62)

where W' £ w, (5, ;4). We intend to calculate wi+!

that minimizes ry by solving the following minimization
problem:

K+ _ k] k]
w, " = argmin | (w, ")l - (63)

The nonlinear least-square problem in Eq. (63) can equiv-
alently be written as a minimization of a scalar function
¢ : RN - R. Dropping the suffix N we write:

1 1
¢(2) = EIIIF(Z)II2 = zr(Z)Tr(ZL (64)

where z £ wt!. The minimization of ¢ requires:

1
Vo(z)=2- EJT(Z)r(z) =0, (65a)
where
_or _ k+1\ 7
)= =M@+ AU, (65b)
of
and Jit' = -
owy

1=ty

Note that, unlike the Galerkin method, the residual in
Eq. (65a), is always orthogonal to the columns of J, which
corresponds to a Petrov-Galerkin (PG) projection [213, 214]
(see Fig. 23a), as in Eq. (17), where the left ROB is J. The
PG approach is particularly useful for problems where the
Jacobian matrix is not symmetric as in the HFM obtained
from the Navier—Stokes equations.

The root-finding problem in Eq. (65a) can be solved
using the Gauss-Newton method [80, 184] iteratively. Con-
sidering z; to be the approximation for the jth Gauss-Newton
iteration, we write the (j + 1)th approximation as:

Ziy =2+ 4, (66)
where
V2h(z)A,,, = ~V(z,). 67)

The Hessian matrix V2¢(zj) is given by

ri(z). (68)

) T & 0%r(z)
Vi(z) = J2)" J(z) + 21, -
The Gauss-Newton method approximates the Hessian of ¢
by using only the first term, J(z)"J(z) and neglects the second
term yielding the following equation:

Jz) J@2)A ), = —)(z) x(z). (69)
A QR decomposition of J(z) yields (assuming R is invertible)
Ajy = —R7(z)Q(z)r(z) . (70)

We note that Eq. (69) is also the normal equation of the
optimization problem

Aj+1 = arg nhin ||J(zj)q + r(zj)” . (71)

Although the dimension of the reduced subspace Usis small,
the computational cost of iteratively evaluating r(z;) and J(z;)
scale with the full-space dimension N. This creates a compu-
tational bottleneck for the projection-based model reduction
methods. The purpose of hyper-reduction is to mitigate this
computational cost.

We assume that r(z;) and the columns of J(z;) lie within
the low-dimensional subspaces spanned by the columns of
Ugp € RY" and U, € RV, respectively (how to deter-
mine these is discussed later). GNAT uses gappy POD to
approximate r(z;) and J(z,) as follows:

T(z) = argmin | Z7x(z) = Z" Ugxl, (72)
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Fig. 16 A brief history of the development of the most important cubature rules/mesh sampling procedures [31, 55, 77, 78, 197, 200, 215-218].

Adapted from Ref. [76]

J(z)) = arg min |27 J(z)) = 27T, Xl -, (73)

where, as in Eq. (51), Z is a sampling matrix, X € Rmx1
and X € R"*"_ These approximations minimize the errors
at the sample indices defined by Z". The solutions to these
linear least-squares problems are:

T(z) = Uy (ZT@R>TZT1'(ZJ-), (74a)
~ ~ ~ \T
Jz) =T ,(thu ,) 7)), (74b)

The symbol T indicates the Moore-Penrose pseudo-inverse.

The reduced subspaces U r and U ; are computed by apply-
ing singular value decomposition (SVD) to the snapshots of
the residual and the columns of the Jacobian matrix, respec-
tively, at each time step for each Gauss-newton iteration
during the high-fidelity training data generation for a set of
parameters. To ensure that the interpolation problems in Eq.
(74) are well-posed, we enforce my > C(Z) and m; > C(Z),
where C(Z) denotes the cardinality of Z, the number of
nonzero entries of Z, which indicates the number of points
selected.

Substituting JN(Zj) and T(z;) for J(z;) and r(z;) while notic-
ing @;@J =1,,. Eq. (71) can be transformed into a hyper-
reduced, linear, least-squares minimization problem:

@ Springer

Aj+1 = arg rr}]in ||9J(zj)q + QI‘(ZJ»)” 5 (75)

~ \ T ~ ~ \T
where 2 = (zT[U,) ZTand 2= UT0, (zT[uR) zm
As with Egs. (69) and (70), this can be solved using the
QR decomposition of ZJ (zj) so that:

8,1 = R (2)Qz)UT(z). (76)

The solution &j+1 is substituted for A, in Eq. (66). For
m; > n, Eq. (76) yields a unique solution. We note that both
& and 2 can be precomputed during the offline phase to
reduce computational cost in the online phase. The algo-
rithm for computing the selection matrix Z is described in
Appendix B.

The online stage utilizes the precomputed data (such
as Z, 2) from the offline phase to perform reduced-order
model simulations for new input parameters. The reduced
sample meshes and precomputed matrices enable fast and
efficient computations of the non-linearities. After the simu-
lation, post-processing is performed to compute the desired
outputs based on the reduced-order model results.

Remark 8 In GNAT, the ROM solution subspace U
is obtained by applying SVD to the set of snapshots
(WA () = W) [k = 1,0,y pt € Dy }» 10t to Wh (1)
directly.
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Fig. 17 Difference between the
mapping operators Q (global-to-
local) and Q (local-to-global) in
the 2D Finite Element Method I
(FEM) and 2D Finite Volume Q e
Method (FVM), assuming one
quantity of interest per cell-
center or node. a In FEM, local
DOFs are defined at element o %€=
nodes. Q, extracts the global
DOFs (denoted as I, J, K, L)
associated with element e, while
Q, distributes local DOFs (1-4)
back into the global. Due to this
one-to-one nature of the local—
global mapping @, = Q,. b In
FVM, local DOFs correspond to
cell centers, with flux evalu-
ations at cell faces involving
neighboring cells (J, K, L, M).
Q, extracts global cell-centered
values, and Q, maps the com-
puted local DOF back into the
global system. While informa-
tion from multiple cell centers
is used to evaluate the quantity
at a given cell center, each cell
has exactly one equation, and its
evaluated quantity corresponds
to a single global cell center.

Hence, O, # Q,

Remark 9 In practice, it is common to set @R = [lj_,, and this
subspace is computed by applying SVD only to the stored
snapshots of r(z;) at different time steps and parameter val-
ues. This avoids storing the Jacobian matrix iteratively,
reducing memory requirements.

Remark 10 GNAT is specific to Petrov-Galerkin reduced-
order models (ROMs) and is primarily applicable to tran-
sient problems. Since the running problem is steady-state
and purely parametric by nature, the GNAT method has not
been discussed in this context.

4.2 Project-Then-Approximate Hyper-Reduction
Strategies

The project-then-approximate (PA) hyper-reduction meth-
ods approximate the projected high-dimensional vec-
tors and matrices derived from high-fidelity models.
These methods aim to surpass the performance of the

Global DOFs

Qe:Qe

Finite Element Method
(a)

Local
DOF

Qe # Qe

Finite Volume Method
(b)

approximate-then-project approach. Similar to the AP meth-
ods, this class reduces the mesh by sampling from a highly
discretized mesh associated with high-dimensional mod-
els, enabling faster evaluation of the projected matrices and
nonlinear terms. This section explores two widely used PA
hyper-reduction techniques: Energy Conserving Sampling and
weighing (ECSW) and Empirical Cubature Methods (ECM).
In Fig. 16, we show a brief evolution of various project-then-
approximate hyper-reduction schemes since 2009.

4.2.1 Energy Conserving Sampling and Weighing (ECSW)

e Objective: Construct a reduced mesh from a highly
discretized HDM to accelerate projected nonlinear
term calculations.

e Preserve the total virtual work performed by internal
forces on displacements induced by the reduction basis
while sampling the mesh.
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e Compute residual internal forces for each element and
project them onto the reduction basis to obtain virtual
work.

e Sample and weight elements sparsely to maintain
approximate virtual work consistency, forming the
reduced mesh.

e Use the reduced mesh for faster evaluation of projected
nonlinear terms and matrices.

Energy Conserving Sampling and weighting (ECSW) tech-
nique, developed by Farhat et al. [31], generates a reduced
mesh that can estimate the projected nonlinear vector
£, (wy(tp);p) = W (W + @wn;y) and the projected
parametric vector g, (f;u) = WTgy(t;4), as described in
Eq. (21), where U, W € RV are the right and left ROB,
respectively.

We introduce a balance vector b, € R" comprising both
fy and g, defined as

b, (w,;p) = £,(W,;p0) — g,(61) . (77)

Considering that the domain of the high-fidelity model
(finite element/volume) contains . cells (nodes for finite
difference models), b, can be written as (See Eqgs. 30 and 31
for reference)

Neell
b, (Wosk) = D Wb (Qw + Uyw, im0, (78)

e=1

where

b QW +U,w,:) = £(Q W + U,w,i) — g,(1:p)

(79)
is the elemental balance vector with b,,f,,g, € R% (d,
denotes the elemental degrees of freedom) and

W, = QW (80a)

U, =0,0. (80b)
Matrix Q,, as in Sect. 3, maps the local degrees of freedom
of the cell e to the global cell DOFs over the entire domain,
and matrix @, depends on the connectivity of cell e with
its neighboring cells that contribute to evaluating b,. As a
result, Q, and Q, may differ depending on whether the model
is a finite element/volume/difference method; for finite ele-
ment model @, = Q, (refer to Fig. 17). In essence, W, and @E
denote the portions of W and U defined over the eth element.

The projected balance vector b,, in Eq. (78) may be physi-
cally interpreted as an expression of virtual work done by
an elemental balance “force” vector b, onto the virtual “dis-
placements” of the elemental DOFs, given by the columns
of W,.
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In ECSW, one aims to approximate b, using a weighted
sum of the projected b,’s on the right hand side of Eq. (78),

using fewer elements than n ;:

Neell
b, (W) & ) EWb(Qw +T,w,:4), @81

e=1

where &, is the weight associated with the eth element, con-

tained in the weight vector € = [fl, &, .fnce"]T € Renx!,
We aim to make £ as sparse as possible so that the elemental
contribution b, is evaluated only for the nonzero entries,
thereby reducing the mesh elements. To ensure positive
definiteness of the reduced mass or stiffness matrices on
this reduced mesh, we impose the constraint £, > 0. Next,
we describe a mathematical framework for calculating the
sparse & vector.

4.2.2 Determining ¢

During the offline stage, high-fidelity snapshots at various
parameter values are projected onto the reduced space Uto
compute reduced balance vectors b,,.

For the kth parameter-time pair (g,,?,), the projected
solution W, is defined as

W (e 1) = UT (Wy(tap) — w') (82)

which is used in place of w, in Eq. (81) to evaluate b,. We
write from Eq. (78)

Meell

bW, ()i = ) vhe, (83)

e=1

where b]; is the balance vector for the kth parameter and
v = Wb, (Qw + U,W,(t:1). (84)

Note that here time ¢ is considered as a parameter as well.
We rewrite Eq. (83) as:

bt =Gk1, (85)

n

where GF € R™" and 1 € R™=1*! are defined as:

G = [, p2, .

; , Y], (862)

1=0[1,1, ..., 17" (86b)

If N, solution snapshots are generated for N pairs of y and
t, Eq. (85) can be extended to:

I'=G1, &7

where G € R"™"«! (typically nN, < n.y) and T’ € R™!
are defined as:
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' '
2000 3000
Mesh elements

1 1
0 1000 4000 5000

Fig. 18 Stem plot illustrating the reduced mesh obtained via ECSW-
based hyper-reduction. The plot highlights the mesh elements with
non-zero weights £* (Eq. 92). The weights for all elements lying on
the blue line are zero. The reduced mesh comprises only 11 elements,
which constitutes 0.2% of the total 5000 elements in the original
mesh

r=[ 7", . . b7, (88a)

G=[G'T,GT,...G"T]". (88b)

Our goal is to replace the vector 1 in Eq. (87), which
assigns equal weight to the elemental contributions, with a
sparse weighing vector & such that:

I'~GE, (89)
implying:
Meell
by~ Y& ke (90)
e=1

To obtain a sparse &, we ideally want to minimize its zero
norm, which indicates the number of non-zero elements in it:

i€l

subjectto  ||GE =T < €|,

oD
where € is some pre-defined tolerance. However, this prob-
lem is NP-hard [31]. Therefore, we use approximations
such as non-negative L;-norm minimization, non-negative
L,-norm minimization with L;-norm regularization, or non-
negative least squares (NNLS).
Among these, NNLS [219] is most commonly employed
for ECSW. NNLS solves the linear least squares problem
under the constraint that the solution must be non-negative:

E =arg min
geR"el, £20

. _ . 2
§=arg_min_ GE-TI. ©2)
While NNLS does not explicitly promote sparsity, it often
results in a sparse £ in practice, providing an acceptable
approximation of I' with a non-negative and sparse solution.

Once a sparse vector & is obtained, during the online
phase, elemental quantities, such as stiffness, are computed
only for elements with nonzero weights, which substantially
improves the efficiency of computing the reduced quantities.

24
== 3 ?

—4

2.4+

951 -
2L &
50767 &1.64

—74 0.8

]

ROM Hyper-ROM ROM Hyper-ROM
@ ®)

Fig. 19 Difference in accuracy (e;) and speed-up (r,) between the
regular projection based ROM and ECSW Hyper-ROM

Remark 11 For a dense mesh with very large number of
elements, NNLS computations can become very slow. An
effective approach to speed up NNLS computations in Eq.
(92) is by parallelizing the NNLS algorithm via domain
decomposition, thereby distributing the workload among
multiple processors. This method involves dividing the finite
element (FE) mesh into subdomains, effectively partition-
ing the matrix G column-wise. By computing I for each
column partition and employing the NNLS solver on each
subdomain independently, this technique minimizes offline
computation costs.

Remark 12 We observed that the NNLS computations can
be made more efficient by using a low-rank approxima-
tion of G through its SVD. By decomposing G = UrZrVrT,
whereU,, %, and V, correspond to the top r singular values,
we can reformulate the objective function in Eq. (92) as
IVI¢ —d, ||, where d, = V| - 1. This reduction improves
computational efficiency and, most importantly, eliminates
redundancy in the snapshot data.

Remark 13 Parallel implementations of NNLS in C++ can
be found in libraries such as 1 1bROM [85]. Such imple-
mentations are suitable for handling large-scale problems
by utilizing parallel computing architectures.

Remark 14 Energy-Conserving Sampling and weighing
(ECSW) preserves the Lagrangian structure crucial for
second-order hyperbolic problems governed by Hamilton’s
principle. This preservation ensures that time integrators
unconditionally stable for Parametrically Reduced-Order
Models (PROMs) remain stable when applied to the hyper-
ROMs produced by ECSW [72].

Remark 15 ECSW demonstrates superior numerical stabil-
ity and accuracy in structural dynamics problems where
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x1

[[NJT

x1

(@

Fig.20 Reduction in the computational cost of evaluating the
reduced nonlinear stiffness matrix achieved with ECSW during the
iterative solution process. a Derivation of the reduced stiffness matrix
with equally weighted elemental contributions without hyper-reduc-

other hyper-reduction methods, particularly those using the
approximate-then-project approach, often fail-making it
especially valuable for applications requiring robust numeri-
cal performance [72].

Remark 16 Hyper-reduction can be performed either on
individual reduced-order terms or collectively on multiple
terms. For instance, in Eq. (77), rather than combining f,
and g, into the balance vector b,,, hyper-reduction could have
been applied separately to each term. However, this would
result in multiple reduced meshes making the process com-
putationally inefficient. Therefore, performing hyper-reduc-
tion collectively on multiple reduced-order terms, which
generates only a single reduced mesh is more efficient and
is generally preferred [55].

4.2.3 Implementation on the Running Example

As before, we use the same training and test datasets-each con-
sisting of 16 parameter pairs (¢, ), fork = 1, ..., 16-to formu-
late and evaluate the ECSW-based hyper-reduced order models
(hyper-ROMs). Here, U, as in Sect. 3, has n = 5 columns.

In the offline phase, to compute a reduced mesh, we con-
struct the matrix G by incorporating element-level contribu-
tions yﬁ’e from k solution snapshots as in Eq. (83). For the eth
element, the mean subtracted projection of the kth solution
snapshot is given by

T =07, -T,). 93)

Following Eq. (81), we then write the element-level balance
vector as

yhe = UTKAT. — U7 g, 94)

@ Springer
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tion. b Efficient approximation of the reduced stiffness matrix where
the top element’s weight &, is zero, and the bottom element has a
much larger weight &,, eliminating the cost of evaluating the top stiff-
ness matrix during solution iteration

where
~k — ~ ~k
T,=Q,Ty+U,T, 95)

denotes the segment of the projected full-order temperature
vector associated with the degrees of freedom corresponding
to element e, and K’E‘, q’e‘ denote the corresponding elemental
stiffness matrix and source vector, respectively. Given K’; ,
q’e‘ are functions of 7 (Egs. 35, 36), these are also evaluated
using 'T’:f

Using these snapshots alongside Eqgs. (83) to (92), we
determine the sparse elemental weight vector &. This process
results in the selection of only 11 elements out of the 5000 in
the domain, as depicted in Fig. 18. The value of the objective
function in Eq. (92) is approximately 10~%, indicating a suc-
cessful minimization. This remarkable reduction in the number
of mesh elements obviates the need to evaluate 5000 elemental
stiffness matrices during every Newton—Raphson iteration.

In Fig. 19, the relative percentage error (Eq. 42a) and speed-
up (Eq. 42b) of the hyper-ROM are compared with those of
the regular projection-based ROM. Figure 19a demonstrates
that the hyper-ROM achieves high accuracy, with a relative
error of approximately 0.0001%. While this error is margin-
ally higher than that of the ROM, the computational speed-up
is remarkable-nearly 300X the speed-up of the regular ROM
and almost 1000x compared to the HFM. This performance
gain is almost an order of magnitude greater than the speed-up
achieved through DEIM. We attribute this additional improve-
ment to the high accuracy with which ECSW approximates
the reduced quantities, which presumably results in a faster
Newton iteration convergence compared to DEIM.

As a visual aid to the reader, in Fig. 20, we pictorially rep-
resent how ECSW reduces the computational cost of evaluat-
ing the reduced nonlinear stiffness matrix. Figure 20a depicts
the derivation of the reduced stiffness matrix where ele-
mental contributions are equally weighted. In contrast,
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Fig. 20b shows an approximate reduced stiffness in which
the stiffness matrix at the bottom has a non-zero and non-unit
weight of w;, and the weight of the top element is zero. The
resulting reduced stiffness matrix looks approximately similar
to the actual reduced stiffness matrix; however, the cost asso-
ciated with evaluating the top stiffness matrix is eliminated.

Remark 17 The Non-Negative Least Squares (NNLS) algo-
rithm was implemented in Python using the scipy.opti-
mize.nnls function [220]. However, the standard version
may be inefficient for large-scale problems.

Remark 18 In SciPy version 1.13.1, the nnls function was
improved by integrating the fast Non-Negativity-Constrained
Least Squares (fast-NNLS [221]) algorithm. This method
reduces the per-iteration cost through precomputation, ben-
efiting large-scale applications. The updated function also
allows users to adjust error tolerance via the atol parameter.
For the example problem, we implemented the fast-NNLS
algorithm from scipy 1.13.1 with a tolerance of 107,

Remark 19 While performing NNLS, it is important to
check that the magnitude of I in Eq. (92) is at least a few
orders of magnitude larger than the tolerance. A small I’
often leads to a dense weight vector & instead of sparse.

4.2.4 Empirical Cubature Method (ECM)

e Objective: Develop empirical cubature rules for accu-
rately computing integrals in reduced-order equations
obtained through inner products with reduced basis func-
tions.

e The existence of low-dimensional structures in a sys-
tem’s solutions implies that the nonlinear integrands
also exhibit low-dimensionality.

¢ Consequently, these integrals can be computed more
efficiently using significantly fewer cubature points
than those required by high-fidelity models.

e To compute projection integrals, evaluate the integrand
over all selected cubature points across multiple train-
ing parameter instances and represent the exact inte-
grals as a matrix—vector product.

e Construct a matrix encoding element contributions
at selected cubature points and assemble a vector of
Gauss weights. The integral is then computed as a
matrix—vector product.

e Identify a subset of cubature points and adjust the
associated weights to approximate the vector of exact
integrals with desired accuracy.

The Empirical Cubature Method (ECM) [159] aims to
efficiently approximate the integrals of a system’s internal
forces, which are crucial for computing system matrices in
methods such as the Finite Element Method. The fundamen-
tal premise is that internal forces, like high-fidelity solutions,
lie in a low-dimensional subspace independent of the finite
element mesh size. This property enables the use of a cuba-
ture rule with significantly fewer points than conventional
methods while maintaining accuracy.

4.2.5 Problem Formulation

The Empirical Cubature Method (ECM) identifies cubature
points using a limited set of high-fidelity training data, as
seen in other methods. To illustrate the approach, we first
outline its application for a general n-dimensional parameter-
ized vector-valued function a, and subsequently demonstrate
its use in hyper-reduced order models. This section is adapted
from Ref. [78], and follows the notation presented therein.

Let a: QX P — R" be a parametric vector-valued
function, where domain € partitioned into n_, finite ele-
ment subdomains {Qe}zz‘l‘ such that Q = Uzz‘ll QcRY,
with d = 1,2, or 3. The parameter domain is denoted as P.
Each element within Q¢ is assumed to be isoparametric. All
elements share the same interpolation order and contain r
Gauss integration points.

For a set of N, parameter instances { };V:‘l C P, and given
the values of the integrand at all Gauss points, the integral
of the function a over Q for each parameter y; is computed
using the element-wise Gauss quadrature rule:

Reey Reeyp 1

b= / a(n ) dQ = Y N g, w)Wy,
e=] J Q¢ e=1 g=1 (96)
where k= (G — n+i,

for j=1,...,N;and i =1,...,n. In this equation, xg e Q°
denotes the position of the gth Gauss point within element
Q¢ and W; > 0 is the weight associated with the gth Gauss
point, calculated as the product of the Gauss weight and the
Jacobian determinant for the isoparametric transformation.
The quantity b, represents the "exact" integral value for each
component / of a and parameter instance y;, serving as the
reference value we aim to approximate.

This computation can be concisely expressed in matrix
form:

bgg = A;:—EWFE ) 97)

where bz € R™ is the vector of "exact" integrals for
all components and parameter instances. The matrix Agg
contains the values of the integrand al-(x;, yj) at all Gauss
points for each parameter y;, and Weg is a column vector
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containing all the finite element weights W;. The ECM
matrix Ap, € R (M = rn,,, is the total number of

original cubature points) can be expressed in terms of ele-
ment contributions as:

App = [A(l)T ADT

T
(ncell)T
FE > FE > Arg ] ’ ©8)

where each block matrix A;f; e R corresponds to the r
Gauss points of element e and is defined as:

ay(xf, py) ay(xf, py) o a, (], ) ag (5], pp) e a, (5] py )
A;‘; _ al(xgvﬂl) az(xajs Hy) an(xgvﬂl) a](x%s H) - an(xg.’/‘NJ) ]
an(xf, M) al(x:7/42) an()“;s MN‘)
99)
Similarly, the vector of quadrature weights W, € RM*!is
expressed as:

al(xf, ,Ml) a2(xf,;41)

W, = [W(”T wer (100)

-
(ncell)T

FE > "VFE > Wi ] d

where each sub-vector Wff; € R™! contains the weights for

the Gauss points of element e:

(e) _ e yre e]T
Wi = [We ws, W) (101)
This formulation organizes the integrand values and cor-
responding weights for each finite element and Gauss point.

We further define vector X, € R™*! which contains the
corresponding cubature points:

.
nee) T
Xy = [XOTXE, X0 (102)
and
X(e) _ [ye e el T 1
=Py x] (103)

4.3 Finding Cubature Points

Similar to ECSW, we aim to find a sparse set of cubature
. _ moos . . .
points X = {x, }g= , With x, € Q and their associated positive

m

g=r
mize m while approximating the vector of "exact" integrals
b to a desired accuracy 0 < e < 1by solving this best sub-

set selection optimization problem:

weights {w, } where m < M. The objective is to mini-

min @[y, subject to ”A;Ew - A;EWFEH < &|[br]|
(104)

where @ € RM*! and [|l@||, denotes the /-norm, counting
the number of nonzero entries in ®, which we denote using
m, and ¢, is a specified tolerance. However, as discussed in
Sect. 4.2.1, such sparsity-promoting optimization problems

@ Springer

are NP-hard and are typically solved using suboptimal
greedy heuristics or convex relaxation techniques, such as
non-negative least squares [219, 221] and non-negative [;
-norm minimization [197].

However, the newly developed cubature point selection
algorithm (see Algorithm 4) introduced in Ref. [76] offers
an efficient and optimal sparse solution for the following
alternative linear-least square problem:

_ : T # _ AT
o=aug min o [ALe - ALWL|. os)
The python and MATLAB implementations of the algorithm

are available at Ref. [222].
4.4 Dimension Reduction of A,

To reduce the computational cost of solving Eq. (105), we
approximate and decompose the ECM matrix A using sin-
gular value decomposition (SVD):

Ay ~ WSVT, (106)

where W € RM* contains the left singular vectors for the m
retained modes, S € R is the diagonal matrix of singular
values, and V € R™™™ contains the corresponding right
singular vectors.

As a result of this reduction, the objective function in Eq.
(105) transforms into:

Hvz(WTm - WTWFE) . (107)

This reformulation simplifies the optimization problem,
making it computationally more tractable. We then use the
cubature point selection strategy described in Algorithm 4 to
solve this approximate optimization problem, which essen-
tially boils down to finding a sparse @ such that
Wo~rWW,,. (108)
The algorithm yields @ and a selection matrix Z € R™¥
with each row containing a single non-zero entry such that

W) Zo =W . (109)
where
ZXpp =X = [xT,xz,...,x;]T (110)

are the cubature points corresponding to nonzero entries of
o.

This sparse selection of the cubature points leads to a
reduced mesh, which is then used to compute the parametric
nonlinearity more efficiently in the online phase.
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4.5 Implementation on the Running Example

To implement ECM on the example problem in Sect. 3, we
begin by writing the nonlinear reduced stiffness matrix and
the force vector in terms of the gauss-quadrature points for
the j—th parameter pair (y;, f;):

Ree))

Ku(Tm) = ) KE, (111)
e=1

where

K¢ = Z W, Kfl(x;), (112)

and
eroeN e. TeT ya e oenT
KE(xE) = KT ). ) D TV IV . (113)

Here k(T(xfg;yj, B;);u;) is the nonlinear thermal conductiv-
ity evaluated at XZ,, where x; € Q¢ is the gth cubature point
within the e—th cell; wz, is the cubature weight associated
with x¢; vector @“(x¢) = [¢ (x?), ¢§(X§)]T contains the two
Lagrange basis functions associated with element e, which
were used in the high fidelity finite element model in Eq.
(27); and U is as defined in Eq. .

Similarly, the nonlinear reduced force vector is given by

Meell

Q. (T, = ) g, (114)
e=1
where
Q= w, €KX, (115)
g=1
and
q(x¢) = g(T( 5, B), BT T (xS, (116)

where g( T(XZ,; H;» B;):B;) represents the nonlinear source term
evaluated at Xz e Q.

In ECM, similar to ECSW, we compute the elemental
residual force vector at each quadrature point to construct
the A, matrix, and subsequently generate the reduced mesh
by solving Eq. (105). Recall from Eq. (94) that the residual
balance vector for element e, corresponding to the ith snap-

shot T‘; (see Eq. 93) is given by

yie = K (QTy +U,T,) — qi. (117)

n

We rewrite this as

r

e __ i,e

Vo = Z WeVng»
g=1

(118)

where

vie = K @OQTy + 0.T,) - qx). (119)

The matrix Az € R™*": is then built for the N, snapshots:

(ri), = (n5) (1), -
1,8 ces 1,6 2’6 “es
wo | (13), = (ns), (722),

(ris), - (riz), (r2s), - (n2)

/1 “/n /1 » 7 n=rxnN
(120)

where (yifg ) denotes the ith component of the elemental

balance vector yffg. The weight vector Wy is given by Eq.
(100). We then performed singular value decomposition
(SVD) of Ay while applying a truncation criterion of 1073,
This process resulted in the selection of the first 30 left sin-
gular vectors as shown in Fig. 22 , which were contained in
W. Using W and W the reduced weight vector @ was
calculated using Algorithm 4, which led to the generation of
the reduced mesh shown in Fig. 21. Specifically, ECM led
to the selection of only 30 cubature points out of the 15,000
in the domain, as depicted in Fig. 21. The value of the objec-
tive function in Eq. (107) is approximately 10~'4, indicating
a successful minimization.

In Fig. 22b and ¢, we compare the speed-up (Eq. 42b)
and the relative percentage error (Eq. 42a) associated with
the hyper-ROM with the regular projection-based ROM.
Figure 22b shows very high accuracy for the hyper-ROM,
with a relative error percentage of e; = 107>, This error is
almost comparable to the ROM. Like ECSW, the gain in
computational speed-up r, is significant almost 100X that
of the regular ROM and 400X that of the HFM as shown in
Fig. 22c¢ . This is lower than that observed for ECSW-based
hyper-ROM but higher than DEIM-based hyper-ROM.

0 3000

6000 9000
cubature points

12000 15000

Fig.21 Sparse distribution of cubature points and corresponding
weights achieved using the ECM-based hyper-reduction technique.
The ECM algorithm selected 30 points out of 15,000 cubature points
(3 cubature points/element) employed in the high-fidelity model,
leading to a substantially reduced mesh
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Fig.22 (a) Decay of the singular values (S;) of the ECM matrix A,
which is compressed to enhance computational efficiency in identi-
fying a sparse set of cubature points. (b) Difference in accuracy (e;)

4.6 Deep-Learning-Based Strategies

In recent years, deep-learning-assisted hyper-reduced ROMs
have seen significant advancements [223, 224]. This section
offers a concise overview of a few of such strategies.

Deep-learning-based approaches are especially relevant
for Nonlinear Manifold ROMs (NM-ROMs) [122, 123]. An
NM-ROM represents the solution on a nonlinear manifold
S2{4v)|veR"}, where 4: R" - R" is a nonlin-
ear function mapping a latent space of dimension n (with
n < N) to the full-order model space of dimension N. The
NM-ROM approximates the PDE solution within a trial
manifold as follows:

W(t, w)y & Wt w)y = W' + G, (W, (1, 1)), (121)

where w, € R" denotes the reduced coordinates. The associ-
ated time derivative is given by

Wy & Wy = J (W)W, , (122)

where J < denotes the Jacobian of ¢,, with the initial con-
dition w, (0, u) = JAwWy(0, ) — wﬁ*), where the nonlinear

function 7~ ¢! satisfies the following:

Wy — Wil & YA wy — WD), (123)

So far, we have introduced ¢ and J# in an abstract sense.
However, identifying ¢ and ¢ can be challenging; there-
fore, neural networks, particularly autoencoders, are
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and (c) speed-up (r,) between the regular projection-based ROM and
the ECM Hyper-ROM

frequently employed to approximate these functions [123].
Specifically, the decoder serves as ¢, while the encoder
serves as 7.

The NM-ROM framework deals with two layers of non-
linearities: the nonlinearity in the original governing equa-
tions and the nonlinearity of the decoder, which influences
the residual of the PDE. The first layer can be addressed
using the hyper-reduction strategies discussed earlier; how-
ever, the second layer necessitates special treatment. The
Jacobian of the decoder must be computed at each solver
iteration, and its computational cost scales with the number
of learnable parameters, potentially reducing computational
efficiency. To mitigate this, a subnet mask can be constructed
to compute only the necessary outputs, bypassing the need
for the full decoder or its Jacobian.

NM-ROMs are particularly effective for transport-dom-
inated systems (e.g. advection- or convection-dominated
systems). Such systems exhibit moving coherent structures
(waves, vortices, steep gradients) that results in a slow decay
of Kolmogorov n-width [225]. As a result the dimension of
the linear subspace (@) required to capture the solution is
typically characterized by a prohibitively large n, diminish-
ing the effectiveness of pPROMs and hyper-reduced ROMs.
If an insufficient number of modes is used (due to the above
slow decay), the ROM can produce inaccurate or oscillatory
solutions around steep fronts. Furthermore, in a paramet-
ric setting, the speed of transported features may vary with
parameters, further enlarging the space of possible solutions.
By leveraging a nonlinear manifold, NM-ROMs directly
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address the n-width problem, providing a more efficient
solution. A few other hyper-reduction algorithms developed
to tackle this class of problems include adaptive sampling
methods [193, 226], structure-preserving approaches [227],
and hybrid strategies such as the DG-RB-EQP framework
(discontinuous Galerkin-reduced basis with empirical quad-
rature) [228], among others.

In a parallel effort to overcome the same n-width prob-
lem, Barnett et al. [229] introduced a neural-network-aug-
mented strategy, but within the framework of LS-ROMs
instead of NM-ROMs. In their proposed framework, termed
PROM-ANN, the PDE solution is retained within a linear
subspace derived from the solution snapshot matrix, while
incorporating an artificial neural network .#”, which acts as
a corrector to enhance the approximation:

wy(tp) & Wiy () = Wi+ Ow,, (60 + U AW, (10)
(124)

where Uis a rank-n matrix obtained by truncating the first n
dominant proper orthogonal decomposition (POD) modes
of the snapshot matrix, and Ucis a rank-n, matrix contain-
ing the next n. POD modes. The sum of n and n, is chosen
to be less than or equal to the rank of the snapshot matrix.
Note that UTU = I, UeTUe = I, ,and UTUC = 0. Here, the
value of 7 is deliberately chosen to be small to maintain a
low-dimensional ROM, implying that U captures a smaller
fraction of the snapshot data variance compared to conven-
tional approaches (e.g., 0.9999).

Given a training snapshot wy(7;, #;), it can be shown that
ideally

UT (W (8, 1) = W) = MW, (6:10)) = WE.. (125)

Although the equality in Eq. (125) is difficult to achieve in
practice, the neural network .4 can be trained for all solu-
tion snapshots in the snapshot matrix, enabling it to produce
a vector that closely resembles w¢ € R">! for a given W,.
Once trained, it is then sufficient to compute w, using an
n-dimensional ROM and subsequently determine Wy, via
Eq. (124). The authors further extended this formulation to
develop ECSW-based hyper-reduced LSPG pROMs [229].

5 Discussion and Outlook

In this paper, we examined the role of projection-based
reduced-order models (ROMs) in addressing computational
challenges in large-scale nonlinear systems. While ROMs
significantly reduce computational complexity by project-
ing the system onto a lower-dimensional reduced subspace,
they often struggle with efficiently handling nonlinear terms,
which can lead to increased computational costs instead of
the intended speed-up. To mitigate this issue, we focused

on hyper-reduction techniques that approximate or directly
project nonlinear terms in a way that preserves both accu-
racy and efficiency.

Through a case study of a nonlinear heat conduction
problem, modeled using the finite element method, we
demonstrated and compared the implementation of several
hyper-reduction approaches. The selected problem was con-
ceptually simple, yet nonlinear, which made it well-suited
for the demonstration. First, we formulated its reduced-
order model without hyper-reduction to illustrate the com-
putational challenges posed by nonlinear terms. We then
systematically applied various hyper-reduction methods to
this example, evaluating their performance in terms of com-
putational speed-up and accuracy.

In our discussion of the state-of-the art hyper-reduction
techniques, we categorized the methods into two main
classes: approximate-then-project (AP) and project-then-
approximate (PA). The former included methods such as
the Discrete Empirical Interpolation Method (DEIM), which
approximate nonlinear terms before projecting them onto the
reduced subspace. The latter included techniques such as the
Energy Conserving Sampling and Weighting method and
the Empirical Cubature Method, which estimate reduced-
order quantities directly by sampling a subset of elements or
integration points from the full-order computational domain.
Through our example problem, we compared these tech-
niques and assessed their effectiveness in reducing computa-
tional complexity while maintaining accuracy. Our findings
suggest that PA methods often yield more accurate, stable,
and faster hyper-ROMSs compared to their AP counterparts.

Despite advancements in hyper-reduction, challenges
remain in integrating these methods into commercial simu-
lation software. As highlighted in our comparison of open-
source and commercial tools, the latter largely lack support
for hyper-reduction due to the deeply intrusive nature of
these techniques. Implementing hyper-reduction requires
significant modifications to existing computational frame-
works, which can hinder widespread adoption. However,
given the increasing demand for real-time simulations in
fields such as digital twins, there is strong motivation for
commercial vendors to explore ways to incorporate hyper-
reduction methodologies without disrupting existing work-
flows. This review aimed to provide an accessible introduc-
tion to hyper-reduction methods, emphasizing their practical
implementation and potential impact. By offering a struc-
tured overview, accompanied by an open-source GitHub
repository, we hope to facilitate further research and adop-
tion of these techniques within the computational science
community.

Future work should focus on developing robust and scal-
able hyper-reduction frameworks that can be effectively
implemented in both academic research and industrial
applications, ensuring practical usability and seamless
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integration with existing computational tools. Recent
developments in deep-learning-assisted hyper-reduction
also offer promising directions for further enhancing com-
putational efficiency. Additionally, strategies are needed to
simultaneously handle both spatial and temporal complexi-
ties in large-scale nonlinear dynamical systems. Hyper-
reduction techniques primarily address spatial complex-
ity by reducing the number of spatial degrees of freedom
required for nonlinear evaluations. However, in many
dynamical systems, temporal complexity also contrib-
utes significantly to computational cost. While traditional
hyper-reduction methods focus on spatial reduction, iden-
tifying and formulating low-dimensional nonlinear mani-
folds in the state space provides an alternative approach
to model reduction, especially for capturing long-term
dynamics. These manifolds, inferred from physics or
data-driven methods, offer a compact representation of
the evolution of the system. Integrating manifold-based
approaches with hyper-reduction-an area that remains rel-
atively unexplored-could enhance model order reduction
frameworks, particularly for dynamical systems.

Another promising direction for future research is inte-
grating hyper-ROMs with digital twins. Digital twins rely
on rapid model updates and data processing to interact with
their physical counterparts, which often exhibit highly non-
linear behavior. Hyper-reduction may facilitate this by accel-
erating computations and reducing latency in model updates,
allowing digital twins to provide timely insights and support
decision-making. Additionally, hyper-reduction could con-
tribute to verification, validation, and uncertainty quantifi-
cation (VVUQ) by improving computational efficiency and
model fidelity, thereby enhancing the reliability of digital
twin frameworks. Beyond digital twins, other important
research directions include the VVUQ of hyper-reduction
algorithms themselves, ensuring their reliability, accuracy,
and robustness across different applications. These advance-
ments in hyper-reduction have the potential to significantly
enhance digital twin applications and broader computational
modeling efforts, thereby paving the way for more efficient
and scalable simulations.

Key Technical Jargon

¢ Subspace: A subspace is a subset of a vector space that
is itself a vector space under the same operations. A sub-
space must contain the zero vector, be closed under addi-
tion, and be closed under scalar multiplication.

o Affine Subspace: An affine subspace is a subset of a vec-
tor space that is closed under affine combinations. It can
be viewed as a linear subspace that has been translated
from the origin.

@ Springer

Manifold: A manifold is a mathematical space that
locally resembles Euclidean space near each point. Mani-
folds are used to generalize concepts such as curves and
surfaces to higher dimensions.

Latent Space: A latent space is a lower-dimensional
space that captures the essential features of the data. For
example, subspace spanned by the dominant POD modes.
In a neural network setting, encoders map data to this
space and decoders reconstruct the data from it.

Modal Energies (SVD): In singular value decomposition
(SVD), modal energies refer to singular values, which
represent the amount of variance captured by each mode
in the data. The term energy is essentially a misnomer,
which often as nothing to do with the physical energy of
the system [182].

Offline and Online: In model reduction, “offline” refers
to computations performed prior to real-time use, often
involving expensive and time-consuming tasks associated
with formulating a data-driven model. “Online” refers
to computations done in real-time, typically leveraging
precomputed data to achieve fast and efficient results.
Residual: The residual is the difference between the left
and right sides of a differential equation after substitut-
ing an approximate solution. It provides a measure of
how well the approximate solution satisfies the original
equation.

Snapshots: In model reduction, snapshots are sam-
ple solutions of the full-order model used to construct
a reduced-order basis. These solutions are typically
obtained by solving the original problem for different
parameter values and/or at different time instants.
Affine Decomposition: Affine decomposition is a math-
ematical technique commonly used in reduced order
modeling (ROM), particularly for parametric problems.
It separates the parametric dependencies in equations,
enabling efficient computations for a wide range of
parameter values. Parametric Separation:

— A parametric problem is expressed in a form where
the parameter dependency is isolated.
— For example, consider a linear problem:

A(pu = f(y), (126)

where u is a vector of parameters. Using affine
decomposition, A(u) and f(u) are represented as:

0
A = Y O) (WA, (127)
g=1
0
fu) = " © (. (128)
g=1



Hyper-Reduction Techniques for Efficient Simulation of Large-Scale Engineering Systems

Fig. 23 a Petrov-Galerkin pro-
jection b Galerkin projection

Residual

(a)

Offline-Online Decoupling:

— Offline Phase: Parameter-independent terms (A, and
f,) are precomputed and stored.

— Online Phase: For a new parameter u, the computa-
tional effort involves only evaluating the parameter-
dependent functions (@‘3 (u) and @’;( ) and combin-
ing the precomputed terms.

Galerkin Projection: The Galerkin projection is a
method for approximating the solution of differential
equations by projecting the governing equation onto
a finite-dimensional subspace. Let V be the function
space in which the exact solution resides, and let V, be a
finite-dimensional subspace spanned by basis functions
{d,.¢P,,....¢.}. The approximate solution u, € V, is
determined such that the residual R(x,) is orthogonal to
V., with respect to an inner product:

Find u, € V, such that (R(u,), ;) =0, Vi=1,2,....r,

where R(u,) is the residual, and (-, -) denotes the inner
product. This ensures that the error is minimized in the
subspace V,, leading to an optimal projection of the true
solution onto the chosen basis.

Petrov-Galerkin Projection: Petrov-Galerkin projection
is a generalization of the Galerkin method, where the
trial and test spaces are different. Given a trial space V,
and a test space W,, the Petrov-Galerkin method finds an
approximate solution u, in V, such that the residual R(u,)
is orthogonal to the test space W,

Find u, € V, such that (R(u,),y;) =0,

129
Vi=12,...r, (129)

where y; are the basis functions of the test space W,.

This approach is often used to improve stability and
accuracy, especially in non-symmetric or convection-
dominated problems.

Residual

LHS

(b)

Left ROB and right ROB: In projection-based model
reduction, the right reduced-order basis (ROB), denoted
in this paper as U, is associated with the solution (trial)
space and is used to map from a low-dimensional approxi-
mation back into the full-dimensional state space. Con-
versely, the left ROB, denoted as W, is associated with
the test space (e.g., in a Petrov-Galerkin setting), and it
maps vectors from the full-dimensional space down to the
reduced dimension.

Weak Form and Variational Problem: The weak
form of a partial differential equation (PDE) is obtained
by multiplying the PDE L(u) = f by a test function v,
integrating over Q, and applying integration by parts
or the divergence theorem to relax smoothness require-
ments on u. This leads to the variational problem
(Fig. 23):

Find u € V such that /E(u)de:/fde Vvev,
Q Q
(130)

where V is an appropriate function space (e.g., a Sobolev
space). Instead of enforcing the PDE pointwise, the weak
form ensures the equation holds in an integral sense for
all v, broadening the class of admissible solutions and
forming the foundation for numerical methods such as
the finite element method (FEM).

Oblique Projection Matrix: An oblique projection
matrix is a linear transformation matrix P that projects
vectors onto a subspace M along a direction that is
not necessarily perpendicular to M. Given matrices
A and B:

P=AB'A)'B" (131)

provided BT A is invertible.
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Algorithms
Empirical Interpolation Method (EIM)

Given a continuous nonlinear function f : Q X Pgpy = R,
where Q is the spatial domain and Pgpy, is the parameter
space, EIM aims to approximate fusing a finite sum of basis
functions {Uq}l?=1 evaluated at specific interpolation points

)2

Q
fewtsmy & Y e, (U, (),

g=1

(132)

where the coefficients ¢, () are determined by enforcing the
interpolation conditions:

Y
FOwsi) = Y c, U, x), fori=1,...,0.

g=1

(133)

This approach reduces the problem of evaluating f over the
entire domain € to computing it at a finite number of points
{x,}, thus enhancing computational efficiency [69].

Algorithm 2 EIM algorithm for nonlinear term approximation [68]

/ / Construction of Basis Function:

1: Input:f, O, Pgny, tol

2: Output: Basis functions {Uq}qul, Interpolation points {xq}qQ:1

3: Initialization:

4: Set: iteration counter g = 1

5. Initialize: the interpolation operator Zy[f] = 0

6: Collect: snapshots [f(x, w"; u1),..., f(x,w'e; ug)] evaluated at selected parameters
7: while erry > tol AND g < Q do

8 g = argmaxy,cpyy ||f(, wh; ) — Ty [f (-, wh; )] ||L°°(Q) // Selection of Parameter
9 xg = argmaxyeq |f(x, w"; puq) — Ly_1[f (x,whs; uy)]| // Selection of Interpolation

Point:

o 1) = SO ) ~ Tyl

fxg, whi;ug) — Ly 1[f (xq,wH; pg)]

1: T = Uj(x;) satisfying T;; = 1and T;; = 0 for 1 < i < j // Properties of Interpolation

Matrix:

122 T[f(x,w’;u)] = L1, ¢j(u)Uj(x) // Update of Interpolation Operator, where c() is

]

solved using the linear system Te(u) = £(u)

13: errg =sup,ep, || f (o wh ) — Iy [f (-, wh; p)] ||L°0(Q) // check error

14 iferry > tol then

15: incrementq =g +1
16: else

17: exit loop

18:  end if

19: end while
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S-OPT Sampling Algorithm

Algorithm 3 S-OPT sampling algorithm. (Adapted from Ref. [194]).

1: Input: Basis matrix Fpugis of shape (1rows, 717)

2: QR Factorization - Obtain orthogonal basis Q from Fy,,g;s // Perform QR factorization
on the input basis

3: Q,_ = qr(Fpasis) // Qis an orthogonal matrix representing the basis

4: Initialize Z = {i*} where i* = argmax; |Q;1| // Select the index with the largest
measure of S

5 forj=1ton;—1do

Construct Z = [e/]jcz, A= Z"Q[Ey, - -, Eil, ¢ = ZTer+1, andg = (ATA)"!ATc //

Construct necessary components, where e € R"ows and E € R frows*1

14+1r'b clct+y?—

T, (|Ae]2 +72) <'e+7?

7. Find i* = argmax;¢z ayy Identify the index with the

optimal value
8 wherer’ =¢/Q[Ey, -+, Ej],b=(ATA) ',y = Qiju1,

-
= (c"A+qr") <I — 1+1le3> (g + yb) // Calculate necessary components for opti-
mization

9:  Enrich Z < ZU{i*} // Add the new index to the sampling set

10: end for

11: Output Z // Oversampling Procedure

12: Initialize Z = {i*} where i* = argmax;|Q;1| // Select the index with the largest
measure of S

13: forj=1tony—1do

14:  Construct Z = [ej];cz and A = ZTQ // Construct the current basis matrix, where
e € Rltows e

15:  Find i* = argmax;¢z 1n+ r (A AT

T (lAe? +77)

the oversampling criterion

16:  Enrich Z <— Z U {i*} // Add the new index to the sampling set

17: end for

18: Output Z

withr! = el-TQ // Select index based on
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Point Selection in Empirical Cubature Method (ECM)

Algorithm 4 Empirical cubature method (Reproduced from Ref. [76])

1: Function [¢, w] = ECM(W, Wgg, 1)
2. Data: W € REKM where WTW = [; Wy € RMx1; y° C {1,2,..., M}: initial candi-
dates; A < 10, threshold number of ineffectiVNe iterations
3: Result: ¢ C {1,2,.., M}; w > 0 such that W(g,:)"w = W'Wpg and card(e N y) is
maximum.
4: if y° = @ // no initial candidate set given then
v« {1,2,.., M}
y « {hi,hy,...} such that ||[W(h;,:)|| < & // Remove low norm points on the
candidate set (~ 10710)
7: else
v —{1,2,.,MI\y% y+«1P°
v« {h1,hy,...} such that [W(h;,:)| < e // Remove low norm points on the
complement set (~ 10~19)
10: end if
11: €< QD; b \WTWPE; r< b, w <+ @, H<+ @ // Initializations
12: ¢ < 0 // Failed iterations counter
13: while length(e) < p AND length(y) > 0 do
14:  if ¢ > A then
15: y < yU y’ // Enlarge candidate set to include the complement set
16:  end if . .
17:  j = argmaxje, g]-Tr, where g; = W(j,:)/||[W(j,:)|| // Select the row most "positively"
parallel to the residual
18:  if e = 0 then

19: H <+ (W(i,:)W(i,:)T)~! // Inverse Hermitian matrix (first iteration)

20: w +— HW(i,:)Tb // Weights computed through least-squares

21:  else . .

22: [w, H] < LSTQNER(i,H,W(e,:),W(i,:),r,b) // Least-squares via rank-one up-
date, see Algorithm 8 in Ref. [76]

23:  endif

2. e<—eUi;y <+ y\{i} // Move index i from y to &

25 n < Indexes such that w(n) < 0 // Identify negative weights

26:.  y<yU{e(n)}; e« e\ {e(n)} // Remove indexes with negative weights

27 H < UPHERM(H, n) // Update inverse Hermitian Matrix (see Algorithm 9 in
Ref. [76])

28:  w + HW(e,:) b // Recalculate weights

29:  if successful iteration then

30: ¢<+0

31: else

32: o< ¢+ 1
33: end if

3: 1+ b—W(eg:) w // Update the residual
35: end while
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Point Selection in GNAT Hyper-Reduction

Algorithm 5 Greedy algorithm for selecting sample nodes from a given mesh (reproduced from Ref. [80])

Input: Uy (POD basis for residuals), U 7 (POD basis for Jacobians), target sample nodes

Mnode, iNitial sample-node set N (see Remark 2), and number of working columns
ne < min(mg, my, Vitinoge ), where v denotes the number of unknowns at a node (e.g.,
v = 5 for three-dimensional compressible flows without a turbulence model).

Output: sample-node set N/
1: Compute the additional number of nodes to sample: 1, = Myoqe — |N|

Initialize counter for the number of working basis vectors used: n; < 0

Set the number of greedy iterations to perform: nj; = min(n, n,)

Compute the maximum number of right-hand sides in the least-squares problems:
nrus = ceil(n:/n,)

Compute the minimum number of working basis vectors per iteration: 7 min
floor(n./nit)

Compute the minimum number of sample nodes to add per iteration: 1, min
floor(ngnrys/ne)

7. fori =1,...,n; do {greedy iteration loop}

Compute the number of working basis vectors for this iteration: n.; < 71 min;

Compute the number of sample nodes to add during this iteration: n,; < 14; min;

8:

9: if (i < n, mod ny), then ng; < ng +1

10:

11: if (nrus = 1) and (i < n, mod n.), then n,; + ny + 1
12: if i = 1 then N N

13: [th...1"] « [Uk...U¥]

14: (' %]« [U}... Uf]

15:  else

16: forg =1,...,n. do {basis vector loop}

17:

¥« UR™ — [Uk...URa, with & = argmin,cp [|[ZTUk...Z U]y —
ZT]INJ?Qb+qH

18: J9 @7””’ — [fj} ﬁ?b]ﬁ, with B = argmin,cgm ||[ZTII~J}...ZTI[~J?b]’y -
ZTENJ?b+qH

19: end for

20:  end if

21:  forj=1,...,n, do {sample node loop}

22: Choose node with largest average error: n —

arg maxjgn Y, <Zz’e¢5(l) ((f)* + (J?)2)>z

23: where 6(1) denotes the degrees of freedom associated with node I.
24: N — NU{n}

25:  end for

26: Ny < Np + N

27: end for
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